Ordinary Grothendieck groups 
of a Frobenius P-category 

Lluis Puig 

Abstract: in [5] wc have introduced the Frobenius eategorics T over a finite p-group P, and 
we tiave associated to — suitably endowed with some central fc^-cxtensions — a ''Grothendieck 
group" as an inverse limit of Grothendieck groups of categories of modules in characteristic p 
obtained from J-", determining its rank. Our purpose here is to introduce an analogous inverse 
limit of Grothendieck groups of categories of modules in characteristic zero obtained from J-", 
determining its rank and proving that its extension to a field is canonically isomorphic to the 
direct sum of the corresponding extensions of the "Grothendieck groups" above associated with 
the centralizers in J-" of a suitable set of representatives of the JF-classes of elements of P. 

1 Introduction 

1.1 Let p be a prime number and O a complete discrete valuation ring 
with a field of quotients K. of characteristic zero and a residue field k of 
characteristic p ; we assume that k is algebraically closed and that /C contains 
"enough" roots of unity for the finite family of finite groups we will consider. 
Let G be a finite group, b a block of G — namely a primitive idempotent in 
the center Z{OG) of the group O- algebra — and (P, e) a maximal Brauer 
(b,G)-pair [5, 1.16]; recall that the Frobenius P-category ^{b,G) associated 
with b is the subcategory of the category of finite groups where the objects 
are all the subgroups of P and, for any pair of subgroups Q and R oi P , the 
morphisms (f from R to Q are the group homomorphisms ip: R ^ Q induced 
by the conjugation of some element x G G fulfilling 

(i?,g)c(Q,/f 1.1.1 

where (Q, /) and {R, g) are the corresponding Brauer (6, G)-pairs contained 
in (P,e) [5, Ch. 3]. 

1.2 In [5, Ch. 14] we consider a suitable inverse limit of Grothendieck 
groups of categories of modules in characteristic p obtained from ^(b.G) j 
which, according to Alperin's Conjecture, should be isomorphic to the Gro- 
thendieck group of the category of finitely dimensional fcG6-modules. As 
announced in the title, our purpose here is to introduce an analogous in- 
verse limit of Grothendieck groups of categories of modules in characteristic 
zero obtained from J^(b,G) i which again, according to Alperin's Conjecture, 
should be isomorphic to the Grothendieck group of the category of finitely 
dimensional /CG&-modules. 

1.3 More explicitly, recall that a Brauer (6, G)-pair (Q, /) is called self- 
centralizing if, for any x € G such that (P, e)^ contains (Q, /) , we have 
Cp^[Q) = Z{Q) or, equivalently, if the image / of / in Z{kCG{Q)) , where 
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Cg{Q) = Cg{Q)/Z{Q) , is a block of defect zero [5, Corollary 7.3]. As a mat- 
ter of fact, we restrict ourselves to the full subcategory J^Iq) of ^&,g) over 
the J(5 -objects Q such that the corresponding Brauer (6, G)-pair (Q, /) 
contained in [P, e) is selfcentralizing; recall that, for such an J^b,G)-object Q , 
the action of the normalizer Ng{Q, f) on the simple fc-algebra kCaiQ)! de- 
termines a central fc*-extension P[h,G){Q) of the quotient [5, 7.4] 

^(6,G)(<3) = ^(6,G)(<3,Q) = NG{Q,f)/CG{Q) 1.3.1. 

1.4 Then, considering the proper category of J^^^ Qy chains cf)*(J^j, g-j) 

— namely, the category of functors q : A„ — >■ J^j^ from any ordered simplex 
A„ where the morphisms are defined by the order preserving maps between 
simplexes and the natural isomorphisms between the corresponding functors 
over the same simplex [5, A2.8] — we prove in [5, Ch. 11] that the canonical 
functor 

mapping any J^^Jg^-chain q : A„ — >■ g) on the group -^(,°G)('') °^ natural 
automorphisms of q [5, Proposition A2.10] can lifted to a functor 

^r^c^^ : (J^r,G)) ^ k*-&t 1.4.2 

where 0r and fc*-©r respectively denote the categories of finite groups and 
of central fc*-exten-sions of finite groups, called finite k* -groups. 

1.5 At this point, denoting by Qk '■ k*-<&t — >■ O-moJ) the contravariant 
functor sending any fc* -group G to the C-extension of the Grothendieck group 
of the category of finitely dimensional fc*G- modules — noted Gk{G) — in 
[5, Ch. 4] we introduce the inverse limit 

^fc(.7^b G), aut;c-- ) = lim(gfc o aut;c- ) 1.5.1 

^ ' ' {b,G) < (b,G) 

— called the (modular) Grothendieck group of Jjb.G) — which, strictly speak- 
ing, depends not only on the Frobenius P-category J^{b,G) but on the lift- 
ing autTTS" . There, we also prove that 

•^(6,G) 

ranko(gfe(J(6,G),^V-^^)) = ^ i-^T ^^^^o{Qk{J'llG){<))) 1-5-2, 

(q,A„) 

where (q, A„) runs over a set of representatives for the set of isomorphism 
classes of regular c[)*(J^'J'g,p-objects [5, 14.31] which shows that Alperin's 
Conjecture actually states [5, 132] 



Gk{:F^b,G),^iT-) = Qk{G,b) 



1.5.3. 
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1.6 Since we have the well-known isomorphism [1] 

'^G,c{G,b)^ '^gk{CG{u),9) 1.6.1 

{u,g)eU 

where W is a set of representatives for the set of G-conjugacy classes of 
Brauer {b,G) -elements [5, 1.10], where GiciGjb) denotes the O-extension of 
the Grothendieck group of the category of finitely dimensional /CG6-modules 
and where we set '^Qk{G, b) = K, ®o Qk{G, b) for short, as we said in [5, 151 
and 152] the direct sum 

^^''i^(9,Coiu)),^t^^^^^^^J 1-6.2 

already provides a reasonable definition for the ordinary Grothendieck group 

of J'ib.G) ! Jit least extended to IC . But, as we mention there, there is a more 
reasonable definition as an inverse limit, analogous to definition 1.5.1. 

1.7 Firstly notice that it does not suffice to replace flfc by the contrava- 
riant functor gjc '■ k*-&t — )• O-moX) sending any fc*-group G to the O-extension 

of the Grothendieck group of the category of finitely dimensional /C*G-mo- 
dules where, considering the canonical group homomorphisms A;* — ?• C* C IC* 
and k* ^ G , we set 

)C*G = lC^Kk'lCG 1.7.1; 

indeed, it suffices to consider the case of the blocks of the p-solvable groups 
— discussed in [6], for instance — to understand that the groups -^bQ)(q) 
above have to be replaced by the corresponding localizers [5, 18.3] and, more 
generally, that the functor auij-^"^^ has to be replaced by the T^l Qylocalizing 

functor introduced in [5, Ch. 18]. 

1.8 Precisely, recall that for any J^'J^^-object Q such that Fp{Q) is a 
Sylow p-subgroup of J^(b.G){Q) j the group Np{Q) — viewed as an extension 
of Fp{Q) by Z(Q) — determines an extension C(b,G){Q) of T(b,G){Q) by 
Z{Q) , containing Np{Q) — called the localizer of Q [5, Theorem 18.6]. Then, 
considering the category £oc where the objects are the pairs (L, Z) formed by 
a finite group L and a normal p-subgroup Z oi L , and where the morphisms 
from (L, Z) to (L', Z') are the Z'-conjugacy classes of group monomorphisms 
f:L^L' fulfilling f{Z) C Z' [5, 18.12], in [5, Proposition 18.19] we prove 
the existence, and the uniqueness up to isomorphisms, of a functor 

which lifts aut-poc above via the functor £oc — > <8t sending (L, Z) to L/Z , 
and maps any J'^jj ^.^ -chain q : A„ -^(b a) ^^'^^ that Jp(q(n)) is a Sylow 
p-subgroup of J(6,G)(q(")) , on the pair (^(b^G) (q), -^(q W)) where £(6,G)(q) 
is the converse image of J-'(f,,G)(q) in ^{b,G){^{n)) ■ 
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1.9 Mutatis mutandis, we can consider the category fc*-£oc where the 
objects are the pairs (i, Z) formed by a finite /;;*-group L and a normal 
p-subgroup Z otL , and then the Ufting aui-po^ of autTr8<: above determines, 
via pull-backs, a functor 

^%:a, '■ '^*(^ib,G)) k*-£0C 1.9.1 

hfting ^oCjr^c^^ . At this point, still denoting by Qic : k*-&oc ->■ O-moT) the 

functor sending {L, Z) to Qk{L) , we define the ordinary Grothendieck group 
of J^{b,G) as the following inverse limit 

^K(^(6,G),aut^='= ) = lim(0K; o toc^'"^ ) 1-9.2 

^ ' ' (i),G) •< (i),G) 

which once again depends on the lifting outjr=<!^^ . Note that, since we have 
QkiL) ^ GkiL/Z) , we also have 

Qk ° lOCjr- = Qk° aUtjr"" 1.9.3. 

(6,G) (6,G) 

1.10 Our purpose here is to prove that an equality analogous to equal- 
ity 1.5.2 holds, namely that we have 

ranko(g^(jr((,o,5irv-^^)) = ^ (-l)"ranko(^K(4,G)(q))) 1-10.1, 

(q,A„) 

where (q, A„) runs over a set of representatives for the set of isomorphism 
classes of regular cf)*(J^°Jg,j)-objects (cf. 8.3 below) and we set 

A6,G)(q) = •^(6,G)(q) XJx6,G)(q) ^b,G)i(\) 1.10.2, 

and that the direct sum 1.6.2 coincides with the extension to K. of the ordinary 
Grothendieck group of J\b,G) > namely that we still have 

'^GK{J'ib,G),^l^-J= '^Sk{J'i,,Goiu)),^l^-^^^J 1-10-3. 

{u,g)eU ' ° 

1.11 A remarkable fact is that neither these statements nor our argu- 
ments for proving them need to assume that the Frobenius P-category T 
we are dealing with comes from a block of a finite group, but only need the 
choice of a lifting 

out^- : c[)*(J"") — > k*-@v 1.11.1 

of the functor autjr=<= [5, Proposition A2.10]. Thus, as in [5] for the mod- 
ular Grothendieck group, we will carry out our purpose over such a triple 
(P, .F, aut^sc) that we call a folded Frobenius P-category. Actually, the 
reader may ask himself why the present material has not been included in [5] . 
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The answer is quite simple: because when finishing [5] we had not at all it 
and our question in [5, 152] was not yet answered! Naturally, this means that 
some arguments here are definitely not contained in [5]. On the one hand, 
our proof of isomorphism 1.10.3 needs the rather technical Lemma 9.4 below 
which in some sense "explains" why the localizers of the J^-sclfccntralizing 
subgroups of P are powerful enough to compute the complete Grothendieck 
group. On the other hand, even our proof of equality 1.10.1 needs a more 
sophisticated machinery than the proof in [5] of equality 1.5.2 above. 

1.12 This paper is divided on nine sections; notation, terminology and 
results in [5] are our main reference. In all the paper P is a finite p-group; 
in section 2 we recall the main facts we need here on Frobenius P-categories 
and give a sufficient condition to have a folded Frobenius P-category. In sec- 
tion 3 we give equivalent definitions of the ordinary Grothendieck group of 
a folded Frobenius P-category. Section 4 is devoted to the functoriality of 
both, the ordinary and the modular Grothendieck groups of folded Frobenius 
P-categories, a subject that in [5] has only been partially discussed in the 
framework of blocks; on the converse, it is reasonable to hope that the analo- 
gous reduction results in [5, Ch. 15] will admit a translation to the ordinary 
Grothendieck group of the Frobenius P-categories of blocks, but this has not 
been done here. 

1.13 In section 8 we prove equality 1.10.1, and the previous sections 5, 6 
and 7 play an auxiliary role in that proof. In section 5 we develop a canonical 
decomposition of the ordinary Grothendieck group analogous to the decom- 
position of the modular Grothendieck group in [5, Ch. 14], except on the 
fact, pointed out in 1.7 above, that wc have to replace the functor autj!r=<^ by 
the J-" -localizing functor. Section 6 is devoted to some formal transforma- 
tion of each term of our decomposition, which facilitates the application of 
a vanishing cohomological result. In section 7 we prove this vanishing coho- 
mological result which generalizes [5, Theorem 6.26]; the existence of such a 
generalization is a critical point in our paper. Finally, in section 9 we prove 
isomorphism 1.10.3; our proof needs Lemma 9.4 as metioned above, and a 
sophisticated counting argument to show the equality of dimentions. 

2 The folded Frobenius P-categories 

2.1 Let P be a finite p-group and denote by x&t the category formed 
by the finite groups and by the injective group homomorphisms, and by J^p 
the subcategory of i(Si: where the objects are all the subgroups of P and 
the morphisms are the group homomorphisms induced by conjugation by 
elements of P . 

2.2 Recall that a Frobenius P-category is a subcategory of v(St con- 
taining Tp where the objects are all the subgroups of P and the morphisms 
fulfill the following three conditions [5, 2.8 and Proposition 2.11] 
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2.2.1 For any subgroup Q of P the inclusion functor {T)q — > (i25r)Q is full. 

2.2.2 J^p{P) is a Sylow p- subgroup of T{P) . 

2.2.3 For any subgroup Q of P such that we have S^(^Cp{Q)) — Cp(^((5)) 
for any T-morphism £,'-Q-Cp{Q) — >■ P, any T-morphism (p:Q^P and 
any subgroup R of Np(^ip{Q)) containing fiQ) such that Tp{Q) contains 
the action of TR{ip{Q)) over Q via there is an J^-morphism (-.R^P 
fulfilling ^(</3(u)) = u for any u £ Q . 

As in [5, 1.2], for any pair of subgroups Q and Roi P , wc denote by T{Q, R) 
the set of J'-morphisms from Q to R and set T{Q) = J-{Q, Q) ; moreover, 
recall that, for any category £ and any C-object C , (or (£)c to avoid 
confusion) denotes the category of "£-morphisms to C" [5, 1.7]. 

2.3 Given a Frobenius P-category , a subgroup Q of P and a sub- 
group K of the group Aut(Q) of automorphisms of Q , we say that Q is fully 
K -normalized in if we have [5, 2.6] 

^(iVf(Q)) =7V>'(e(Q)) 2.3.1 

for any J^-morphism ^ : Q-Np (Q) P , where Np (Q) is the converse image 
of K in Np{Q) via the canonical group homomorphism Np{Q) — > Aut{Q) 
and is the image of K in Aut(^((5)) via . Recall that if Q is fully 
i^T-normalized in then we have a new Frobenius Np ((5)-catcgory Nj^ (Q) 
where, for any pair of subgroups R and T of N^{Q) , {N^{Q)){R,T) is 
the set of group homomorphisms from T to R induced by the J^-morphisms 
tp : Q T — >■ Q R which stabilzes Q and induces on it an element of K [5, 2.14 
and Proposition 2.16]. 

2.4 We say that a subgroup Q of P is J^- self centralizing if we have 

Cp{^{Q))Cip{Q) 2.4.1 

for any ip s J-'(P, Q) , and we denote by !F^° the full subcategory of T over 
the set of J^-selfcentralizing subgroups of P . From the case of the Frobe- 
nius P-categories associated with a block of a finite group, we know that 
only makes sense to consider central fc*-extensions of !F{Q) whenever Q is 
J^-selfcentralizing [5, 7.4]; but, if U is a subgroup of P fully if-normalized 
in for some subgroup K of Aut(J7) , a Np (C/)-selfcentralizing subgroup of 
Np[Q) needs not be J^-selfcentralizing, which is a handicap when comparing 
choices of central fc*-extensions in and in Np {U) . In order to overcome this 
difficulty, we consider the F -radical subgroups of P ; we say that a subgroup 
P of P is T-radical if it is J^-sclfccntralizing and we have 

Op(.F(P)) = {1} 2.4.2 

where F{R) = F{R)/Fr{R) [5, 1.3]; we denote by F'^ the full subcategory 
of F over the set of J^-radical subgroups of P . 
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Lemma 2.5 Let F he a Frobenius P-category, U a subgroup of P and K a 

subgroup of Ant (U) containing Int(C/) . // U is fully K -normalized in J- then 
any (U)-radical subgroup R of Np{U) contains U and, in particular, it 
is J^- self centralizing. 

Proof: It is quite clear that the image of Nij.fi{R) in (^N^ {U)){R) is a 

normal p-subgroup and therefore it is contained in Op{j^N^ {U)){R)^ , so 

that Nu-r{R) = R which forces U-R = R. Moreover, for any J'-morphism 
xp-.R P , it is clear that ip{U) is a normal subgroup of xp{R)-Cp{ip{R)) 
and therefore, since U is also fully centralized in [5, Proposition 2.12], it 
follows from 2.2.3 that there is an .F-morphism 

C:i^iR)-Cp{^{R)) ^P 2.5.1 

fulfilling (^(tlj{u)^ = u for any u E U , so that the group homomorphism from 
R to Np{U) mapping v £ Ron ((^'ip{v)) is a (?7)-morphism; in particular, 
is also A''^(f/)-selfcentralizing and therefore we get 

C(Cp{^{R))) CC{^{R)) 2.5.2 

which forces Cp[ip{R)) C V'(-R) • We are done. 

2.6 As a matter of fact, the J^-radical subgroups of P admit a descrip- 
tion in terms of the dominant .F-morphisms; let us say that an J^-morphism 
ip:Q^Ris dominant if it fulfills 

^oT{Q) CJ'iR)oip 2.6.1; 

it is quite clear that the ^^-isomorphisms are dominant and that the com- 
position of dominant .F-morphisms is a dominant J^-morphism. Setting 

Q' = '^'{Q) and denoting by T{R)qi the stabilizer of Q' in J^{R) , this condi- 
tion is equivalent to saying that ip determines a surjective group homomor- 
phism 

F{R)q, HQ) 2.6.2; 

moreover, if Q is J^-selfcentralizing then the kernel of this homomorphism 
coincides with Tz(q){R) [5, Corollary 4.7]; in this case, the choice of a central 
A;*-extension of J^{R) clearly determines one of T{Q) ■ On the other hand, 
since a Sylow p-subgroup of T{R)qi maps onto a Sylow p-subgroup of J^{Q) , 
if Q is J^-selfcentralizing and R is fully normalized in !F then we may assume 
that Tp{R) contains a Sylow p-subgroup of T{R)q' ; in this case Q' is also 
fully normalized in F [5, Proposition 2.12] and it is easily checked that f can 
be extended to an J^-morphism 



: Np{Q) Np{Q') = Np{R)q> c Np{R) 



2.6.3. 
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Proposition 2.7 Let F he a Frohenius P -category, R a subgroup of P fully 
centralized in T and Q the converse image of Op(J'(i?)) in Np{R) . Then, 

the inclusion map l^: R ^ Q is dominant. In particular, R is J- -radical if 
and only if any dominant T -morphism from R is an isom,orphism. 

Proof: Recall that R is also fully Op -normalized [5, 2.10] and there- 
fore Np{R) contains Op(T{R)) [5, Proposition 2.12]; in particular, for any 
r e -^iR) , the composition t^or : i? — )■ P can be extended to an J^-morphism 
(:Q ^ P [5, statement 2.10.1]; since C(Cp(i?)) = Cp{R) , it is quite clear 
that C{Q) = Q denoting by a : Q — Q the automorphism determined 
by we have ^-^ ° t = cr o i,^ and, according to condition 2.2.1, a belongs 
to J^{Q) ■ This proves that l'^-.R^Qis dominant. 

In particular, if we assume that any dominant J^-morphism from R is 
an isomorphism, then we get R = Q which proves that R is J^-radical. 
Conversely, assume that R is ^-radical and let : — >^ Q be a dominant 
J^-morphism; for any r G -PiR) there is G P{Q) fulfilling ipor = a oip and 
then, setting R' = <f{R) , it is easily checked that 

a{NQ{R')) = Nq{R') 2.7.1; 

in particular, the image r' of r in J-{R') via the J^-isomorphism R = R' de- 
termined by (fi (cf. condition 2.2.1) normalizes the image Fq{R') of Nq{R') 
in P{R') ; consequently, Pq{R') is a normal p-subgroup of J-{R') and there- 
fore it is contained in Op(j^(-R')) ; but, since R' is also J^-radical, Op[p{R')) 
is just the image of R' in T{R') and therefore we have Nq{R') = R' which 
forces R' = Q . We are done. 

2.8 But, in our general setting, we have to deal with P -chains and 
coherent choices of central fc*-extensions for their P -automorphisms group. 
Recall that we call P -chain any functor q : A„ — ;> P where the n-simplex 
An is considered as a category with the morphisms defined by the order 
[5, A2.2]; then, we consider the category cf)*(J^") where the objects are all 
the J-" -chains (q,A„) and the morphisms from q : A„ — >■ p""^ to another 
.T^^-chain r : Am — > P^" are the pairs {v, 6) formed by an order preserving 
map or, equivalently, a functor S : A„i — !> A„ and by a natural isomorphism 
v : qoS = V , the composition being defined by the composition of maps and of 
natural isomorphisms [5, A2.8]; the point is that we have a canonical functor 

autjp- : cf)*(y ) — > 6r 2.8.1 

mapping any -chain q : A„ P^' to the group of natural automorphisms 
of q , simply noted ^(q) [5, Proposition A2.10]. We define a folded Frohenius 
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P -category as the pair formed by a Frobenius P-category and by the choice 
of a functor 

auV- : c[)*(J"") — > k*-(5x 2.8.2 

hfting aui^=c . Mutatis mutandis, we consider the category cl)*{J^"^) and the 
canonical functor 

aut^rd : cf)*(y') — > (St 2.8.3. 

Theorem 2.9 Any functor aut^rd lifting aut^rd to the category A:*-0r can 
be extended to a unique functor lifting auij^i": . 

mij^c : cf)*(J'") — )■ k*-(Sx 2.9.1 

Proof: Let X be a set of J^-selfcentrahzing subgroups of P which contains 
all the J'-radical subgroups of P and is stable by ^'-isomorphisms; denoting 
by the full subcategory of over X , assume that out^rd can be extended 
to a unique functor 

autj,x : cf}*(J"*') — > k*-et 2.9.2; 

assuming that X does not coincide with the set of all the J^-selfcentralizing 
subgroups of P, let y be a maximal J'-selfcentralizing subgroup which is 
not in X and p:V ^ W a, dominant .F-morphism such that p{V) is a proper 
normal subgroup of W (cf. Proposition 2.7); according to 2.6, we may assume 
that W and p(V) are fully normalized in T . Then, denoting by 2) the union 
of X with all the subgroups of P /"-isomorphic to ^ , it is clear that it suffices 
to prove that aut_pi- admits a unique extension to ci)*{T^) . 

For any chain q : A„ J^' , denote by q: A„+i — > F' the chain extend- 
ing q such that either q(n) = V and we set q(ri + 1) = W and q(n • n+l) is 
the composition of p with an isomorphism q (n) = , or q (n) ^ V and we set 
q(n-l-l) — q(n) and q(n • n-\-l) = id(,(„) ; in both cases, we have an obvious 

c[)*(.F'^)-morphism [5, A3.1] 

K,5;:+i):(q,A„+i)^(q,A„) 2.9.3 

and the functor aut^g maps (idq, on a group homomorphism 

7-(q) 7-(q) 2.9.4 

which is surjective since any a G -7^(q) C J'(q(n)) can be extended to an 
J^- automorphism of q(n -|- 1) (cf. 2.6.2); moreover, since V is J"-selfcen- 
tralizing, the kernel of this homomorphism is a p-group (cf. 2.6); then, the 
functor aai-px and the structural inclusion J^{c\) C T(i\{n + 1)) determine a 

fc*-group j^(q) and this A:*-group induces a unique central fc*-extension jF((\) 
of J-^(q) such that we have a A:*-group homomorphism 

.F(q) 2.9.5 

lifting homomorphism 2.9.4. 
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Now, for any cfj*{J^ )-morphism {i/, 5) : (t, A^) — )■ (q, A„) , we have to 
exhibit a fc*-group homomorphism ^(t) ^{^) hfting aut^aj {v, S) . Firstly, 
denoting by Q and R the respective images of r((5(n)) and r(m) in r(m + l) 
by the group homomorphisms i{6{n) •m+l) and r(m»m+l) , assume that Q 
is normal in i? ; in this case, either Q = V and, since p{V) is fully normalized 
in T, according to 2.6.3 there is an J^-morphism pq : Np{Q) Np{W) 
extending the composition with p of such an isomorphism, which allows us 
to set U = pq{R)-W , or Q ^ V and we set U = R; then, we consider the 
chains 

: A„+2 — > J"" and : Am+2 — > J""^ 2.9.6 
respectively extending q and r , fulfilling 

q«(n + 2) = f/ = r^(m + 2) 2.9.7 

and respectively mapping + 1 • n + 2) and (m+l • m + 2) cither on the 
inclusion map W pq{K)-W and, whenever Q 7^ i? , on the J^-morphism 
R pq{R)-W induced by pg if Q ^ , or on the group homomorphism 
q(n) — > R determined by (i^„)^^ and on id^^ whenever Q '^V . 

Then, we have evident ct)*(J-"' )-morphisms 

(q^,A„+2) — )■ (q,A„+i) and (t'^, A^+a) ^ (r, A„+i) 2.9.8 

and, considering the maps 

A„+2 ^ Ai Am+2 and A„+i -e^ Aq ^ A^+i 2.9.9 

induced by the sum with n+1 and m+l respectively, the dc)*{T )-morphisms 
above determine the following cf)*(^ )-morphisms 

(q^ocr„,Ai) — >(qoT„,Ao) and (r'3oc7„,Ai) — )'(roTm,Ao) 2.9.10. 

Thus, the functor aut^x maps these morphisms on fc*-group homomorphisms 

^(q^oc7„) — >^(qoT„) and Tiy.'-^oam) — >J^{xoTm) 2.9.11. 

But note that -^(q^'^) , ^(q) , J^{x^) and J^{f) arc respectively contained 
in J^(q^o iT„) , ^(q o r„) , T{x:^ o am) and ^(r o r^) , and that, considering 
the corresponding A;*-subgroups, the homomorphisms 2.9.11 induce A;*-group 
homomorphisms 

J-(q^) J'(q) and Tii'^) /(t) 2.9.12; 
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moreover, the right-hand one is surjective and it is quite clear that 

J"(rQ) C J'(q^) C P{U) 2.9.13. 

Consequently, wc get a unique A;*-group homomorphism aul^g {v, 5) from 
P{t) to J"(q) such that the following diagram is commutative 

P{x) 2.9.14. 
\ i 

Indeed, ii Q '^V ov Q = R, these statements are clear; \i Q = V and 
Q ^ R then, since stabilizes Q , the action on Q of any a G can 
be extended to an J^- automorphism a oi W (of. 2.6.2); moreover, since W 
is normal in pq{R)-W and W is fully normalized in J^, o a can still be 
extended to an .F-morphism 

C : PQi^yW P 2.9.15 

which, via pq , induces an J^-morphism ip :R — !> P ; then, the restriction of 
this homomorphism to Q coincides with the restriction of a and therefore, 
since Q is .F-selfcentralizing, it follows from Proposition 4.6 in [5] that V and 
i^oa are Z((5)-conjugate. In particular, we get 

C{pq{R)-W) = pq{R)-W 2.9.16 

and thus, up to modifying our choices, we may assume that the corresponding 
.F-automorphism a of pq{R)-W extends a and ct; then, a belongs to ^(r'^) 
and to ^(q^) , which proves the surjectivity of the right-hand homomorphism 
in 2.9.12 and easily implies the left-hand inclusion in 2.9.13. 

Consider another dc]*{F )-morphism (/i, e) : (t, ) (c, A^), and re- 
spectively denote by T , i? and Q the images of i{tj , t(e(m)) and t((eo(5)(n)) 
in t(^-|- 1) ; assume that R and Q are both normal in T ; as above, we consider 
the chains q^ , q^ , t"^ , , t*^ and , and moreover we need the chains 



'■R T 

q ' 














2.9.17 




— 
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respectively extending , r-^ and , fulfilling 

q^''^(n + 3) = i^^'^im + 3) = t^''2(£ + 3) = q'^(n + 2) 2.9.18, 

and respectively mapping (n+2 • n+3) , (to+2 • m+3) and (£+2 • £+3) on the 
inclusion q^(n+2) C q-^(n+2) in both cases, either on the homomorphism 

T Pq{T)-W induced by if Q 5^ F and Q 7^ i? , or on idqT(„+2) HQ'^V 
ov Q = R, and once again, either on the homomorphism T — >■ pq{T)-W 
induced hy pq HQ = V and Q ^ R, ot on idqT(„_|_2) if Q ^ F or Q = ii . 

As above, it is easily checked that applying the functor aui-^x to the 

X 

evident ci)*{J^ )-morphisms, we get fc*-group homomorphisms 
iiTv. :7-(q«'^)^J-(q«) 

out^^ : :F{i^'^) 7-(r«) 2.9.19 

and moreover it is quite clear that ^{t^'^) = ^(t*^) ■ Consequently, the 
functoriality of aut^-x guarantees the commutativity of the following diagram 

J^(t) ^ ^(t^'O) = .F(tO) C J-(q^) = ^(q^) 

II i U 

7-(t) ^ 7-(t«) C 7-(F) ^ 7-(F'«) C 7-(q^'^) 

7-(t) 7-(t) ^ 7-(r«) C ^(q«) 

2.9.20; 

\ i ; 

.F(r) 7-(q) = J^(q) 

\ ; 

thus, by uniqueness, in this case we obtain 

out^g {v, d) o auij^<g (^jj,^ e) = aut^?) [{u, S) o (jj,, e)) 2.9.21. 

Secondly, assume that the image of r((5(n)) by t{5{n)»m) is not normal 
in r(m) ; let m' be the maximal element in A^, — Ag^^^)-! such that the 
image of r(5(n)) by t{S{n)»m') is normal in r(m') and denote by R(^_s) the 

normalizer of the image of t[5{n)) in r(m' + 1) , by tf^^^j: A^+i — >• .F^"" the 
functor fulfilling 

i^(i',<5) ° <5m'+i = ^ and r(;.,5)(TO' + 1) = R(i,,s) 2.9.22 
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and mapping (m' + l • m' + 2) on the inclusion map R(u^s) — t(m' + 1) , 
and by x'^^^ the restriction of t(y^5) to A^'+i ; then, it is quite clear that 

•^(i^(i/,(5)) = ^{^) a-nd it is easily checked that .?'(t(y^5)) = ^(r) ; moreover, we 
have an evident cf)*(J^'^ )-morphism 

{u', d') : (t'(,_5) , Am'+i) ^ (q, A„) 2.9.23 

such that 

{u',S') o (id,'^^,,,C) = o (idr,C'+i) 2.9.24 

where i™,: Am'+i — > A^+i denotes the natural inclusion, and in 2.9.14 we 
already have defined aut^a (id^, = id^^^^) and aut^?) (i/', 5') ; on the 

other hand, arguing by induction on |r(m)|/|q(n)|, we may assume that 
autjrv (id^/ , i™, ) is already defined and then we set 

out_^a) (i^, 6) = out^g) {ly', 6') o out^g) (idj'^ , i™/) 2.9.25. 

For another cf)*(J" )-morphism (/x, e) : (t, A^) — >• (r, A^) , we claim that 

out^g (i^, 5) o aut^?) (/i, e) = out^?) ((i^, S) o (/i, e)) 2.9.26; 

we argue by induction firstly on |t(^)|/|q(n)| and after on |t(f)|/|r(m)| . First of 
all, we assume that the image of r((5(n)) in t(m) by r(5(n) •m) is not normal; 
with the notation above, denote by £' the maximal clement in A^ — A(goi5)(n)-i 
such that the image of t((e o 6){n)) by t((e o 6){n) • £') is normal in t{l') ; 
then, it is clear that e(m') < i' < e{m) and easily checked that we have a 
cf)*(J' )-morphism 

{tJ'{i^,S),S{u,S)) ■ (t(i/,5)o(;:i,£), A^+i) > (t(^_5), Ato+i) 2.9.27 

such that 

(idt,5^,+i) o (/x(^,5),£(^,5)) = o (idt,4+i) 2.9.28, 

that e(y,5)(m' + 1) = £' + 1 and that is determined by Hm'+i and 

t(^'+l •e(m' + l)) ; moreover, we consider the corresponding restriction 

• (t(i/,5)o(;:i,£)>^^' + l) > i ^m' + l) 2.9.29 

which obviously fulfills 



14 



Now, it is easily checked that the composition {y',5') o s)^^'{v s)) 

coincides with the corresponding morphism 2.9.23 for the c^*{T )-morphism 
{u, 5) o (/i, e) and therefore, by the very definition 2.9.25, we have 

aut^a; ((z^, S) o (^,e)) 

^ ^ 2.9.31- 

but, since |ii(y^5)|/|q(n)| < |t(^)|/|q(n)| , it follows from the induction hypo- 
thesis that 

ouijr„, {{i^', S') o e'(^,5))) = flut^a (i^', S') o i^Tt^aj e'(^,5)) 2.9.32; 

similarly, since we have |t(^)|/|i?(y_5)| < |t(€)|/|q(n)| and 

out^g) (A<(i/,5)>e(i/,5)) = aut^g) (/x,e) 2.9.33, 

we still get 

aut^a, {{i^, S) o (^,e)) 

= iiTt ?, (i^', (5') o iiTt g , £(^,5)) o ^tjrzi (idf , 4) 

_ _ 2.9.34. 

= out^g {v', 5') o aut^g, ((idt'^^_^j , C) ° 

= aut^g) (r/, ^) o ouf^g) {n, e) . 

Finally, we may assume that the image of r((5(n)) by r((5(n) • m) is 
normal in r(m) , so that the image of l((e o S){n)) by t((e o S){n)»e{m)) 
is normal in t(£(m)) ; in particular, denoting by i' the maximal element 
in Ae — A(goS){n)-i such that the image of t((e o S){n)) by t((£ o 6){n) • £') 
is normal in t{£') , wc have s{m) < £' . li i' = £ then we may assume that 
the image of f(e(m)) is not normal in t(^) and, denoting by £" > e(m) the 
maximal element in such that the image of t(^s{m)) by t{e{m)»£") is 
normal in t{i") , by our very definition (cf. 2.9.25) we have 

aut^:.?) (/X, e) = auij^'i) iji', e') o autT:.g) (idt/ , tL) 2.9.35; 

but, according to equality 2.9.21, we have 

aut^g) (i/, 5) o out_^g) (/z', s') = aut^g) ((i', 5) o (/x', e')) 2.9.36; 
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2.9.37. 



hence, since in the compositions of {y,5) with (/x, e) and of ((z^, ^) o {n',e')) 
with (idf' , tl/ ) the first induction indices coincide with each other and the 
second ones strictly decreasse, it follows from the induction hypothesis that 

oul^g {u, 6) o aui-p^ [jj,, e) 

= aui.,^^ iu, 5) o mt-rm (m', e') o aui-^^ (idf , tl, ) 

= auiT^w ({u, 6) o (/i', e')) o ouIt:.?) (idf , lL) 

= aut^g ((j^, (5) o (/i,£)) 

Otherwise, we have a cf)*(J'^"' )-morphism 

: (t'(.,5)o(^,e),A,,+i) ^ (t,A„) 2.9.38 

fulfilling 

° = ° (idt,^,'-+i) 2.9.39; 

as above, it is easily checked that the composition (^,6) o (M(,y 5) j 5) ) co- 

incides with the corresponding morphism 2.9.23 for the cf^*(J^" )-morphism 
{v, S) o (/i, e) and therefore, by the very definition 2.9.25, we have 

out^s, ((i/, S) o {i_i,e)) 

2.9.40- 

= aui^^ {{iy,S) o (Ai(,,5),e(,,5))) ° (i^*'(.,.,„(,..) ' 

since £' ^ £ and auijr^^ (idt, 5^,^-^) = id^|.jj , it follows from the induction 
hypothesis applied to the composition of (v,6) with (/^(^ 5)) that 

out^?, ((z^,(5) o (M'(^,5),e'(^,5))) = autjps (!^,(5) o mtj,<g (M'(^,5),e'(^,5)) 2.9.41; 

moreover, if |q(n)| < |c(m)| , we can apply the induction hypothesis to both 
members of equality 2.9.39 and then we get 

""tjpf itJ-Us) > ^Us)) ° OWV?' i^\,s)oi^,,^ ' ''^') = (/^' ^) 2.9.42; 

consequently, once again we have 

awtjp„<, ((zv, 6) o (/i, e)) = mij^^, [v, 5) o mtj:-^, {n, e) 2.9.43. 

If |c|(n)| — |t(TO)| then it follows from the definition of aut^p?) (/i,£) and 
aut^?) ((i^, 5) o (^, e)) (cf. 2.9.25) that £' coincides with both indices, that we 
get t'j^ = t'j^ ^-j^j^^ and that the homomorphism 2.9.23 

(t'(.,5)o(^,e)> A^'+i) (q. A„) 2.9.44 
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corresponding to the composition {v, S) o (/z, e) coincides with {u, S) o (/z', e') ; 
at this point, we can apply equality 2.9.21 to obtain 

auij^<g {v, 5) o aut^g {n', e') = out^?) ({v, S) o {jj,', e')) 2.9.45; 

then, composing this equality with aut^s (idtj ^ , t^') , from definition 2.9.25 
we get 

aut_^!g (i/, 6) o autjrm e) = aut^gj {(y, 6) o (/x, e)) 2.9.46. 

We are done. 

3 Ordinary Grothendieck group of a folded Probenius P-category 

3.1 Our settting is a finite p-group P , a Probenius P-category and a 
functor 

aut^=c : cl)*(J"") — > fc*-©r 3.1.1 

lifting the functor autjrsc (cf. 2.8); if q : A„ — > J^" is an J^^^-chain, we sim- 
ply denote by J^{c{) the image of (q, A„) via aut_7r=<: . Note that, if P' is 
a second finite p-group, J^' a Probenius P'-category and a:P' P an 
(T' , T) -functorial group homomorphism [5, 12.1] mapping any J^'-radical 
subgroup of P' (cf. 2.4) on a J^-selfcentralizing subgroup of P , the Probenius 
functor f a : .F' — >■ [5, 12.1] and the lifting autjpsc determine a functor 

aut^,rd : c()*(J''"') — > cl)*(j^") — y k*-<8t 3.1.2. 

lifting aut^,rd and then, according to Theorem 2.9, this lifting can be uniquely 

extended to a functor autj^/sc lifting aui;r""= ; in particular, for any subgroup U 

of P fully if- normalized in T for some subgroup K of Aut(t/) , it follows from 
Lemma 2.5 and Theeorem 2.9 that our folded Probenius P-category induces 
a folded Probenius Np {U)- category formed by N^{U) and by autj^K^^j^sc . 

3.2 Por any J^-selfcentralizing subgroup Q of P fully normalized in T , 

in [5, Theorem 18.6] we prove the existence, and the uniqueness up to is- 
morphisms, of a finite group £{Q) the T-localizer of Q — such that 
Np{Q) is a Sylow p-subgroup of C{Q) and Z{Q) a normal subgroup fulfilling 
C{Q)/Z{Q) = T{Q) . More generally, in [5, Proposition 18.19] we prove the 
existence of the J^-localizing functor 

locjp- : d)*{F°) — > £oc 3.2.1 

which lifts autjr^': via the canonical functor £oc ^ ©r sending any £oc-object 
{L,Z) to L/Z , and maps any J^-chain q : A„ — > such that q(n) is fully 
normalized in .F, on the pair (£(q), Z{q{n))) where £(q) denotes the converse 
image of T{q) in £(q(n)) ; actually, for any J^-chain q : A„ — >■ ^ we set 
[ocj!r=<^ (q, A„) = (£(q), Z(q(n))) and identify Np{q) with the converse image 
of J^p(q) in C{q) [5, Proposition 18.16]. 
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3.3 As in 1.9 above, we consider the category fc*-£oc where the objects 

arc the pairs (L, Z) formed by a finite A;*-group L and a normal p-subgroup 
Z of L and where, coherently, the morphisms from {L,Z) to (L',Z') are 
the Z'-conjugacy classes of /c*-group homomorphisms f : L L' fulfilling 
f{Z) C Z' . Then, consider the functor 

roc^- : cl}*(J"") — > /c*-£oc 3.3.1 

mapping any F -chain q : A„ — >■ T such that q(n) is fully normalized in T 
on the pair formed by the fc*-group 

£(q) = £(q) x^(<,) J-(q) 3.3.2 

and by the p-subgroup lifting Z(q(n)) , and any cf)*(^°)-morphism 

(i/,5):(r,A„)^(q,A„) 3.3.3 

where q(n) and t(m) are fully normalized in on the Z(q(n))-conjugacy 
class of 

^o<^{^,5) = (ocjp(i/, 5) x„ut^3, mij,-- {v, 5) 3.3.4. 

3.4 For any central fc*-cxtension G of a finite group G, recall that we 
respectively denote by Qk,{G) and Qk{G) the scalar extensions from Z to O 
of the Grothendieck groups of the categories of finitely dimensional /C*G- and 
A;*G-modules; it is well-known that we have contravariant functors 

g!C ■■ k*-(8t — > O-mod and Qk ■ k*-(8t — > O-moV 3.4.1 

respectively mapping G on Qk.{G) and Gk{G) , and any A;*-group homomor- 
phism (fi -.G ^ G' on the corresponding restriction maps; it is clear that these 
restriction maps only depend on the G'-conjugacy class of (p; in particular, 
these functors have an obvious extension to the category A;*-£oc respectively 
mapping any fc*-£oc-object (L, Z) on Qic{L) and Qk{L) . Moreover, recall that 
the Brauer decomposition maps define a natural map 

d:Qic^0k 3.4.2 

admitting a natural section. 

3.5 Now, we consider the composed functor 

cf)*(7'") '"^°°> A;*-£oc O-moD 3.5.1 

and we define the ordinary Grothendieck group of the folded Frohenius P -cate- 
gory {T, aut^sc ) as the inverse limit 

Gk{^, outjc-sc ) = lim (bk; o loc_^sc ) 3.5.2; 
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it is a finitely generated free C- module. Since the natural map from [oc^sc to 
Outjr"<^ induces a natural isomorphism Qk o [oc^sc =0^0 aul^so , the natural 
map 3.4.2 determines a decomposition map 

) ■■ ) Ok mt^'^ ) 3.5.3 

admitting a section. Note that, if J" admits an .F-normal .F-selfcentralizing 
subgroup Q of P then we have evident isomorphisms [5, Proposition 19.5] 

g!c{J',mt^^c)^g^{C{Q)) and gk{J',mt^^c) ^ gk{C{Q)) 3.5.4 

and d^j- ^ j,,,) is the corresponding Brauer decomposition map. 

3.6 With the notation in 3.1 above, in order to relate the ordinary 
Grothendieck groups autj^sc) and gic{^', autj^/sc) we prove below that, 

denoting by i : the inclusion functor, the ordinary Grothendieck 

group gic {J-', auijr"= ) can also be defined from the functor 

[oc^rd = [oc^sc o ct)*{i) 3.6.1, 

as in the case of the modular Grothendieck group [5, Proposition 14.6]. Recall 
that, for any category £ and any contravariant functor tn : c()*(£) O-moO , 
the inverse limit limm coincides with the 0-cohomology group of the dif- 
ferential complex given by the differential maps [5, A3. 11. 2] 

dn ■■ n n "^(^' ^•^•2' 

q t 

where q and r respectively run over the sets of functors 5ct(A„,£) and 
S'ct(A„+i, £) , sending any family a = (oq)q to the family dn{a) = ((i„(a)t)^ 
defined by 

n+l 

dn{a)r = ^(-l)^m(id,o5.",<5r)(atc5T.) 3.6.3. 

Proposition 3.7 With the notation above, the functor cf)*(i) induces an 
O-module isomorphism 

QfciT, out^- ) ^ hm {qk. o loc^.a ) 3.7.1. 

Proof: First of all, we prove that the homomorphism from lim (gjc ° toc^so ) to 

lim {QK.°^oc.pTd) induced by cf)*(i) is injective; consider a family X = {Xq)q , 
where Q runs over the set of all the .7-"-selfcentralizing subgroups of P and 
Xq belongs to gK{C{Q)) , and assume that (^) = where d^ denotes 
the corresponding differential map (cf. 3.6.3). 



19 



For such a Q , consider a dominant ^-morphism p:Q ^ R such that 
|i?|/|(5| is maximal and the chain r : Ai — >■ ^ mapping on Q , 1 on i? and 
0»1 on p; then, we get (cf. 3.6.3) 

but, it follows from Proposition 2.7 that R is J^-radical and we know that the 
homomorphism J^{R)p^Q-^ — > T{Q) induced by p is surjective (cf. 2.6.2); in 

particular, the functor locjr^'^ provides a A;*-group isomorphism £(t) = C,{Q) , 
so that we also get the isomorphism 

thus, if X belongs to the kernel of the homomorphism induced by cf)*(i) , we 
getXg =0. 

In order to prove the surjectivity, assume that a family Y = (Yr)/? , 
where R runs over all the J^-radical subgroups of P and £ Qic{C{R)) , 

belongs to the kernel of the corresponding differential map d'^ ; we have 
to extend F to a family X = {Xq)q , where Q runs over the set of all the 

JT-selfcentralizing subgroups of P and Xq G Gk: (£(g)) , fulfihing d^' (X) = . 
For any J^-selfcentralizing subgroup Q of P , with the notation above we can 
define 

Xn = (res,-- ,., ,0,) (res.-- ,., cns(YR)) 3.7.4; 

then, we claim that cZq {X) = . 

Let q : Ai ->■ J^" be a chain, set Q = q(0) , Q' = q(l) and ip = q(0 • 1) ; 
arguing by induction on |P : Ql and then on , we will prove that we 

sc rd 

have {X)^ = . If Q = P then 93 is an ^ -morphism, so that q is an 
-chain, and therefore we have 

do{X),=do{Y),=0 3.7.5; 

moreover, if we have Q ^ P and tp is an isomorphism, we may assume that 
we have chosen p o (^"^ : Q' — )■ i? as a dominant homomorphism for Q' and 
considered the corresponding chain 1/ : Ai — >■ .7^° , so that we have defined 

Xo' = (resp co^) ^(res,^ ,., .ox(Yfi)) 3.7.6; 

then, the functoriality of loc^so forces Xq = reSy,(XQ') and therefore we get 
(cf. 3.6.3) 

d';{X\ = res,^^^^^(^^^^^^^,„^(XQO - res,^^^^^(^^^^^^_,,^(Xg) = 3.7.7. 
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Prom now on, we assume that ^ 1 ^ firstly note 

that, for another J^-sclfccntrahzing subgroup Q" of P and an ^-morphism 
ip' -.Q' ^ Q" , considering the chains 

1 SC .1 sc sc 

q' : Ai — vJ' , q" : Ai — and q"^ : A2 — >T 3.7.8 

respectively mapping on Q' , Q and Q , 1 on Q" , Q" and Q' , 0»1 on ip' , 
(f' oip and ip , 2 on Q" , and 1*2 on (p' , the equality d^i 0(^^=0 implies that 
(cf. 3.6.3) 

3.7.9; 

but, by our induction hypothesis, we already know that c^''(X)q/ = .; hence, 
we get 

'^^«^c,.c(id^^.„,j..;)KWq") = res,-^,^(,,^^„^^^_,.)K Wq) 3.7.10. 

On the one hand, set A'' = Nii(^p{Q)) and consider the chains 
n : Ai — >y , : Ai — > .F" and r : Ai — > J"" 3.7.11 

where r is defined as above, i^ by the inclusion N C R and n by the restriction 
of p from Q to N ; then, we have (t^ (X)^ = Q by definition 3.7.4. If p is an 
isomorphism then n = r and therefore (-'^)n = . Otherwise, it follows from 
the induction hypothesis that we still have dQ{X)^R = ; but, since the image 
in T{Q) of any element cr of T{N)p(Q-j can be lifted to and element a of T{R) 
which stabilizes p{Q) and therefore it stabilizes N , the difference between 
a and the restriction of a to A'' belongs to Tz(p(Q)){N) [5, Corollary 4.7]; 
consequently, any element of F{N)p^^Q^ can be lifted to and element oiF{R) . 
Thus, mutatis mutandis, considering the chain : A2 — > T extending n 
and mapping 2 on i? and 1 • 2 on the inclusion map N ^ R, we have a 
k*-2o c-isomorphism 

toc^- (id„Ko5i , ^2) : 'C(n«) ^ £(n) 3.7.12; 

hence, since o (5| = t, by equality 3.7.10 we also have (X)n = . 
On the other hand, set N' = Nqi [i^{Q)) and consider the chains 

n' : Ai — > , i^', : Ai — > ^ and q : Ai — > 3.7.13 
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where n' is defined by the restriction of f from Q to N' and i^, by the 
inclusion N' d Q' ; by our induction hypothesis we have ctQ{X).Qi = , and 

it is clear that any element of ^(<3')v(Q) stabilizes A''' . As above, considering 
the chain n"^ : A2 — > extending n' , and mapping 2 on Q' and 1 • 2 on 
the inclusion map N' ^ Q' , we still have a A;*-group exoisomorphism 

bc^sc (id„,o,„,j ,61): £(n"3') - r(q) 3.7.14; 

hence, according to equality 3.7.10, in order to prove that (X)q = 0, it 
suffices to prove that we have = . 

That is to say, we may assume that Q' = N' normalizes (p{Q) ; in 
this case, it follows from [5, Proposition 2.7] that there is an J^-morphism 
C 'Q' — P such that C{f{Q)) is fully normalized in and then, from 
[5, condition 2.8.2] that there are an J^-morphism rjiN^P and an element 

a G J^{Q) fulfilling 'r](^p{a{uj)^ = (^'[ip{u)) for any u G Q ; actually, up to 
modifying our choice of C' , we may assume that a = idq . Now, ri{N) and 
C{Q') normalize C'('p(<3)) and we consider the group N" = {r]{N) , (' {Q')) 
and the chains 

SC SC jvr" SC 

e : Ai — >J- and n" : Ai — > T and : A2 — > T 3.7.15 

where e and n" are respectively defined by the homomorphisms N — >■ A'^" and 
Q — >■ N" determined by f] and C ° V ^ and n-'^" extends n mapping 2 on A''" 
and 1 • 2 on the homomorphism N — >■ N" determined by 77 . 

We already know that cIq {X)n = and it follows from our induction 
hypothesis that (X)e = ; but, any element of J^{Q) can be lifted via p to 
an element of (cf. 2.6.2) which stabilizes A''. In particular, for any 

element a in 

nN")cMQ))=J'{n") 3.7.16, 

we have an element a in J^{N) such that 7700- coincides with a or] over p{Q) , 
and therefore it follows from [5, Proposition 4.6] that it suffices to modify 
our choice of a by composing it with the conjugation by a suitable element 
of Z(^p{Q)) d N to get the equality r] o a = a o r] . In conclusion, we get the 

k*-2o c- isomorphism 

[oc^3c (id„..„5., ^1) : £(n^") - £(n") 3.7.17; 

consequently, by equality 3.7.10, we still get (-Y)n" = 0. 
Similarly, consider the chains 

3' : Ai ^ y , n" : Ai J"" and q^" : A2 7"'° 3.7.18 
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where 3' is defined by the homomorphism Q' — > N" determined by Q' , 
and extends q = n' mapping 2 on A''" and 1 • 2 on the homomorphism 
Q' — > N" determined by C,' ; it follows from our induction hypothesis that 
ctQ{X)^i = and we already know that dQ°(X)„" = . Since N" contains 

r,{z{p{Q))) = z{c'{v{Q))) 3.7.19, 

it follows from [5, statement 2.10.1] that the automorphism of C'('^(Q)) deter- 
mined by any a' G J^{Q')ip(Q) via C,' can be extended to an .T^^-automorphism 
a" of N" and then, arguing as above, it follows from [5, Proposition 4.6] that 
we may choose a" fulfilling 

a"{C'{u'))=C'W{u')) 3.7.20 

for any u' & Q' . In conclusion, we get the fc*-£oc-isomomorphism 

Gc^o (id,..„,i ,Sl): £(q^") ^ £(q) 3.7.21; 

consequently, again by equality 3.7.10, we get dQ {X)^^ = 0. We are done. 



4 Punctoriality of the Grothendieck groups of folded Probenius 
P-categories 

4.1 With the notation in §3, let P' be a second finite p-group, J^' a Probe- 
nius P'-catcgory and a : P' — ^ P an (J-"', J-)-functorial group homomorphism 
[5, 12.1] mapping any J^'-radical subgroup of P' on a J^-selfcentralizing sub- 
group of P . More generally, let X' be a set of subgroups Q' of P' such that 
a{Q') is J'-selfcentralizing, which contains the ^'-radical subgroups of P' 

and is stable by J^'-isomorphisms, and denote by T'^ the full subcategory 

of over X' . Then the restriction : T'^ — J^"" of the Frobenius functor 
fa '■ T' — >■ T induces a natural map 

aul^x' : aui^,x' — >■ aut^sc oc{)*(f„ ) 4.1.1 

and therefore the pull-back 

out ^1 ^ 

aut^,2' — ^ autjp- oc[)*(f^ ) 

T T 4.1.2 
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lifts the functor aut^,x' to the category fc*-(St (cf. 3.1). Moreover, we already 
know from Theorem 2.9 that this lifting can be extended to a unique func- 
tor autjF/=<= lifting aut^/sc and therefore we have an ordinary and a modular 
Grothendieck groups 

Qk{^', aut_7r/'>c) = lim (ak: ° loc^/sc) 

_ ^ _ 4.1.3. 

Qk{T', aUt_7r,sc) = Urn (flfe O {0tj:,sc) 

4.2 Now, according to Proposition 3.7, in order to define the restric- 
tion O-module homomorphisms from the Grothendieck groups of the folded 
Probenius P-category [T, auij^" ) to these ones, we have to exhibit a natural 
map 

loy : loc^,^' [oc^- o 4.2.1 
lifting the natural map aut^s' ; explicitly, setting C'{c() = toc^,s' (q', A„) for 

any F' -chain q' : A„ F' , we have to exhibit a suitable group homo- 
morphism 

\, : £'(q') C{C o q') 4.2.2 

sending Z(q'(n)) to a subgroup of Z(a(q'(n))) and lifting the group homo- 
morphism 

{mt ^' )(q',A„) : ^'(qO Hfd ° q') 4.2.3 
which maps a' G J-'{c\') on * a' . 

Proposition 4.3 With the notation above, for any T'^ -chain q' : A„ T'^ 
such that q'{n) is fully normalized in T' and that J-'p, (q'(n)) contains a Sylow 
p-subgroup of , there exists a group homomorphism 

V:/:'(q')^Afa °q') 4.3.1 

lifting {aut^x' )(q',A„) '■ ^'W) ~^ -^(fa °q') '^'^^ mapping u G Np>{q') on a{u) . 

Moreover, the group Z[a{q'{n)))"^^^'^'' acts transitively on the set of such 
homomorphisms. 

Proof: In order to apply [5, Lemma 18.8], let us consider the groups C{q') 

x' 

and C{f^ ° q') > the group homomorphisms 

{aUi ^' )(q',A„) O TTq' i C'{q') T{f„ o q') 

^« ^ ^ 4.3.2 

aq' : iVp,(q') Np{C o q') C C{C o q') 
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where TTq/ :>C'(q') — >■ J^'{(\') denotes the structural homomorphism and aq' 

the restriction of a from Np>{q') to Np{f^ o q') ; let ii' be a subgroup 
of P' and, setting Q' = q'(n) , x' an clement of £'(q') C C'{Q') such that 

i?'^ C P' ; then, fj^ * 7rq/(x') belongs to J^(fQ, o q') which is contained in 
J-'(a((5')) , and x' actually determines an Q/-morphism from R' to 

Npi{Q') [5, 17.2]; in particular, according to [5, Theorem 18.6], x' also de- 
termines an iVjT'.Q' ((5')-morphism ^' from R' to Np>{Q') [5, 17.6]. 

Moreover, it follows from [5, Proposition 2.7] that there is an .F-mor- 
phism 

C : Np{a{Q')) ^ P 4.3.3 

such that Q = (^[a{Q')) is fully normalized in J^; in particular, we can con- 
sider the F -localizer C{Q) of Q , the Frobenius A^p((5)-category Njr{Q) and 
the Nj^iQ) -locality Nj: q{Q) [5, 17.6]. Then, since a is (T' , T)-functorial, 
denoting by aq' the restriction of a from Npi{Q') to Np{a{Q')) , it is quite 
clear that the composition 

C o ag' : Np,{Q') Np{Q) 4.3.4 

is an [Nj:i{Q'),Nj:{Q))-functorial group homomorphism [5, 12.1] which in- 
duces a functor 

lCca«, : N:f,^q,{Q') N^,q{Q) 4.3.5. 

Thus, ^' determines an A/'^_Q(Q)-morphism ^ from R = ((^a{R')) to Np{Q) . 

But, according to [5, Theorem 18.6] again, the categories Njr Q{Q) and 

J^C(Q),Q [5, 17.2] are equivalent to each other and therefore there is x £ C{Q) 

such that ^(u) = for any u & R and that we have irqix) = (^ttqi{x')) 

where ■kq:C{Q) — >■ J^{Q) and ttq/ ■.C'{Q') — >■ T'{Q') denote the structural 

homomorphisms. Finally, considering the J^-chain q : A„ — >■ J^" mapping 

x' 

i S A„_i on a{q'{i)) , n on Q , any A„_i-morphism j • i on (f^, o q')(j • i) 

and n — l»n on the composition of (f^, o q')(n— 1 • n) with the isomorphism 
a{Q') = Q determined by C , we have an obvious c[)*(J^")-isomorphism 

{i^C, idAj : (q, A„) {fj o q', A„) 4.3.6 
which the functor loc^so sends to a group isomorphism 

Ac : m = ^{fa ° q') 4.3.7. 

At this point, it is easily checked that a{u'^') = a{u')^<^^^ for any u' € R' 
and that we have 

MQ')(Ac(^)) ="«'('rO'(^')) 4.3.8; 
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that is to say, in our setting of [5, Lemma 18.8], condition 18.8.1 holds and 
therefore there is a group homomorphism 

A^, :£'(q')^£(^^'oq') 4.3.9 

fulfilling the announced conditions. Moreover, always by the same lemma, 

the Abclian group 

Ziifd oq')(n))"^^^'^^'^^ acts transitively over the set of 
such group homomorphisms. 

Theorem 4.4 With the notation and the hypothesis above, there is a unique 
natural map 

n' 

ioc^n' ■■ t0C^,!E' > J0C^== °cf)*(fa ) 4.4.1 

sending any J-"'^ -chain q' : A„ — >■ T'^ such that q'(n) is fully normalized 
in T' and that J^p,(q'{n)) contains a Sylow p-suhgroup of T'{q'), to the 
Z{a{c\'{n)))-conjugacy class of 

V:£'(q')^^(fa oq') 4.4.2. 

In particular, this natural map lifts aut^x' and, if t' : Am T' is a chain, 
then we have Xx'{u') = a{u') for a suitable representative Xx' of {{oc^x' )(v',a„) 
and any u' G Npi{x') . 

Proof: For any J^'^ -chain q' : A„ — >■ J^'^ , it follows from [5, Proposition 2.7] 
that there is an J^'-morphism C : A/'p/ (q'(n)) ->■ P' such that Ci^'i^)) is 
fully normalized in J^' and we may assume that J^p, (q'(n)) contains a Sylow 

x' x' 

p-subgroup of J^'(q') ; consider the T' -chain q' : A„ — > J^' which coincides 
with q' over A„_i and maps n on C'(q'(n)) and (n— on the composition 
of q'(n — 1 • n) with the J^'-isomorphism C,'^ :ci'(n) = C,'{<:\'{n)) determined 

by C' ; we have an obvious cf)*(J^'* )-isomorphism 

(4,idAj:(q',A„)^(q',A„) 4.4.3 
which the functor loc^,x' sends to a class of group isomorphisms 

A'f, : £'(q') ^ £'(q') 4.4.4 



and we may assume that («') = Q'W) for any u' G Np'{q') . 
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On the other hand, we have the ^-morphism 

fUC)--a[Np,{q'{n)))^a{n 4.4.5 
which can be restricted to the .F-isomorphism 

ff(C:):«(q'(n))=a(c'(q'(n))) 4.4.6; 

then, considering the ^°°-chains o q' and o q' , this J^-isomorphism 
induces an obvious c{)*(^°)-isomorphism 

(i^fX'(^,),idAj : (L oq',A„) ^ (f^' oq',A„) 4.4.7 
which the functor loc^sc sends to a class of group isomorphisms 

and we may assume that \^x' ^^,-^{u) = (f^ (C'))(^) ^ ^ ^p{fa ° l') • 

Moreover, Proposition 4.3 provides a group homomorphism 

V:£'(q')^/:(L oq') 4.4.9 

fulfilling Aq/(w') = a{u') for any u' £ Npi{q') , and we define loc^x' as the 
map sending (q', A„) to the .Z(a(q'(n)))-conjugacy class of 

Aq' = (A^x'(^,p~ioA^,oA^, 4.4.10; 
first of all, note that for any u' € Np'{q') we get 

\.{u') = ((A^.,^^,^)-i o A^,)(4K)) = (V(a))"'(V(C'K))) 

= (A,.'(^,))-H(aoC')K)) 4.4.11. 

In order to prove the naturality of this correspondence, let 

{ii\S) : (r',A,„) (q',A„) 4.4.12 

be a ci)*{T' )-morphism and consider an J-''-morphism ^' : t'{m) — !> P' such 
that C'(r'(m)) is fully normalized in J^' and that J^p, {q'{n)) contains a Sylow 
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p-subgroup of J^'(q') , and the J"' -chain r' : Am T' which coincides with 
x! over Am-i and maps m on ^'(r'(m)) and (m— 1 • m) on the composition 
of r'(m — 1 • m) with the J^'-isomorphism :t'(m) = (^{x'{m)) determined 

by Then, the cf)*(J'' ) -isomorphisms (t'^/jidAn) (^'j'jidA^) induce 

the commutative cf)*(J^' )-diagram 

(.',A.) ^ (,',A„) 

^11 ^11 4.4.13. 

(t',A„) (q',A„) 

Moreover, maps this cf)*(.F' )-diagram on the commutative cf)*(^ )-dia- 
gram 

(frot',A„) (fr°q',A„) 

ill ill 4.4.14. 

(f:'ot',A„) ^f^^ (f:'oq',A„) 

Now, it is quite clear that it suffices to prove the commutativity up to 
Z(a(q'(n)))-conjugation of the following diagram of group homomorphisms 



A'., 



TV 

C'{q') 



4.4.15 



where A^^' and AJ^, are respective representatives of locjr<><= (f„ * fi',5) and 

loCj^,x' {fi' ,S) ; this commutativity up to Z(a(q'(n)))-conjugation is a con- 
sequence of the uniqueness part of [5, Lemma 18.8] and of [5, Remark 18.9] 

applied to the groups £'{i') and C{fa oq') , and to the group homomorphisms 
Aex'^., o Af/ and Aq/ o X'^, ; indeed, denoting by 



4.4.16 



the structural homomorphisms, it follows from [5, Proposition 18.16] and 



28 



from Proposition 4.3 that we have (cf. 4.1.1) 

= auij^oc (f^ * /t', 5) o {aui^x' )v' o ttj' 
= (aui|,x' )q' o auijr/o" ifi', 5) o ttj' 

= (autff )q' OT^ff oi' 



Finally, set Q' = q'(n) and consider an ^-morphism 

C : Np{a{Q')) P 4.4.18 

such that Q = ([a{Q')) is fully normalized in [5, Proposition 2.7] and 

that C(-^p(fa' ° q')) is contained in Np{Q) ; denote by C* : "(Q') = Q the 
J^-isomorphism determined by ( , and by A^, a representative of loc^s= (f^, , i-„) 
where 

(i^C. , in) ■■ (f^ ° q', A„) ^ (Q, Ao) 4.4.19 

is the cf)* (J-" )-morphism formed by the map i„ : Aq A„ sending to n and 
by the natural map f^, determined by C* ; moreover, according to [5, Propo- 

sition 18.16], we may assume that A^, (u) = ({u) for any u G Np{f^ o q') . 

On the other hand, denoting by R' the image by i'{5{n) • m) of t' {5{n)) 
in r'(m) , it follows from [5, statement 2.10.1] that there is an J^'-morphism 
^' : Np' {R') — > Npi {Q') extending the composition (p' : R! = Q' of the inverse 
of the isomorphism x'{5{n)) = R' induced by i'{S{n) • m) with the isomor- 
phism jl'^ :r'((5(n)) = Q' ; then, always from [5, Proposition 18.16], we know 
that, for some element x' of £'(q') such that A^, (A^p'(r')) C iVp'(q')^' and 
any u' G Np' (r') , we may assume that we have A^, (u') = £,'{u')^ . Moreover, 
since we have (cf. 4.2.3) 

(aui^x' )(q',A„) i^'i^')) C Mfa ° q') 4.4.20, 
setting X = A^^ (Aq/(a;')) , we get (cf. Proposition 4.3) 



(Af. oX^,oX'i,,){Np,{v')) c A^.(A^,(iVp,(q')))'' 

cXi,{Npif^ oq')y cNp{Q) 



4.4.21. 
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Similarly, setting R = a{R') , it follows from [5, statement 2.10.1] that 
there is an J^-morphism ^■.Np{R) Np{Q) extending the composition 

;^:-R = Q of the inverse of the isomorphism a(x'{5{n))) = R determined 

by (i'{5{n) •m)) with the isomorphism 

C* ° (fa' * AOn : a{i'{S{n))) ^ Q 4.4.22; 

by [5, Proposition 18.16], since Ar. o A x' is a representative of the compo- 

sition locjr'" ((C*, tn) o (fa * A') ^)) ) up to modifying our choice of ( according 
to [5, Remark 18.17], we may assume that 

ik, ° ^fj ^ 4.4.23 

for any u G Np{f^ o r') . 

x' 

Moreover, since wc have = C* ° fa i'p') ; it is easily checked that, 
denoting by ctg, and o;^, the respective restrictions of a from Npi [Q') to 
Np{Q) , and from Npi{R') to Np{R) , the compositions 

C ° c^Q, o ^' and ^ o a^, 4.4.24 

restricted to R' coincide with each other. But, Cocxq,o^' maps Npi{R') on a 

subgroup of Np{Q) ; hence, since R is J"-selfcentralizing, £,oaj^, maps Np'{R') 

on the same subgroup of Np{Q) and it follows from [5, Proposition 4.6] that 
a suitable modification of our choice of ^' suffices to guarantee that we get 

CoOq, o^' =^oa^, 4.4.25. 
At this point, for any u' G Npi{i') we have (cf. 4.4.23 and 4.4.25) 

(Ac. o A^, o a;,,)(«') = (Ac. ° V)(CVr') 

= Ac. (a(^'(n'))'^''"'^) = (C o ag, o 0(«r 

^ ^ ^ 4.4.26; 

= (Ac. o A^x'^., o At/)(w) 

in particular, the compositions 

A^, oA^i, and A^^e',-, oA^, 4.4.27 

restricted to Npi{i') coincide with each other. Now, as announced above, 

according to this statement and to equality 4.4.17, it suffices to apply the 
uniqueness part of [5, Lemma 18.8] and [5, Remark 18.9]. We are done. 
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4.5 Now, it follows from 3.3 that the natural map in 4.1.2 

aut x' : aut X' — > autjpsc oc{)*(f^ ) 4.5.1 

la 

and the natural map in theorem 4.4 above 

iot^x' : toc^,3E' — > ^ocjroc oc()*(f„ ) 4.5.2 
determine a new natural map 

[ocp' : loc^,x' — > locjpsc ocf)*(f^ ) 4.5.3; 

then, composing this natural map with the contravariant functors Qjc and Qk 
in 3.4 above, we get the 0-moJ)-valued natural maps 

Qk * iocx' : Qk o toc^sc o cf)*(f^ ) — >-qko loc x' 

_ _ ^, _ 4.5.4 

Qk * locust' : Qk o [oc^sc o cf)*(f„ ) YQkO l0C^,3e' 

which, together with the functor cf)*(f„ ), determine the O-module homo- 
morphisms 

Gk aut^sc ) g^. (7-, Satjr-c ) 

lim{QK o loc^- o cl:)*{fl )) ^nd l™(Bfe ° ^ocj,^" ° ^Vifl )) 4.5.5. 
lmi(0K; o loc^,x' ) lhn(0fc o loc^,x' ) 

4.6 But, from Proposition 3.7 above and from [5, Proposition 14.6] to- 
gether with Proposition 2.7 above, we know that 



lini(0K o '"V'^' ) - ^'^C-^'' autjr^-c) 
lmi(flfe o loc^,x' ) = Gk{J^', autjr/- ) 

Consequently, we get O-module homomorphisms 

Resf^ : g,c{J^,auijr--) — > gK:{T' , autjr,'"=) 
resf^ : Sfe(J^, aut^-) — ). g^. ( J"' , aut^,- ) 



4.6.1. 



4.6.2 
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which are clearly independent of our choice of X' ; moreover, the natural map 
d:Qic ^ Qk induces a commutative diagram 

aUtjrO<= ) > Qk{J^', 0Ut_7r/sc ) 

a — 1 la — 4.6.3. 

Qk {F, m.tp>c ) — )■ gk{P, outjr'=<^ ) 

4.7 Let P" be a third finite p-group, T" a Probenius P"-category and 
a' -.P" — > P' an (J^", J^')-functorial group homorphism, so that a o a' is 
an (J^", J^)-functorial group homomorphism. Assume that fa' and faoa' map 
any J^"-radical subgroup of P" on an F'- and an J^-selfcentralizing subgroups 
of P' and P respectively, and let X" be a set of subgroups Q" of P" such 
that a'{Q") belongs to X' , which contains the J^"-radical subgroups of P" 
and is stable by ^"-isomorphisms. Then, it easily follows from Theorem 4.4 
that we have natural maps 



4.7.1 



loc^n'' : ioCj,„n" — > [oc^,s' oc[)*(f„, ) 

loc^x" ^ : loCj,„x" — > foc^- o cl}*(f;^„„,) 

and therefore from 4.5 wc get the C-module homomorphisms 
Res|^, : autjc-/--) — > GiciJ^" ,auij,„'-) 

resf^, : Gkil'' , autjr,-") — > GkiJ^" , autj,,,"") 

Proposition 4.8 With the notation and the hypothesis above, we have 

Resf , = Resf , o Resf„ 
resf^^^, = resf^, o resj^ 



4.7.2. 



Proof: It is quite clear that 




x" x' x" 

so that c[}*(f„oQ,,) = cf)*(f„ ) o c[)*(f„, ) ; in particular, from 4.4.1 we get a 
natural map 

[ocj.. * cr(fa'') : ("V-' ° '"^^^^ ° cr(f«l'a') 4.8.3 

and we claim that 

tors" = ([0C,3e' * C[}*(fa")) o [OC^x" 4.8.4. 
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Indeed, by the uniqueness part of Theorem 4.4, it suffices to prove that, 

X" X" 

for any T" -chain q" : A„ — >■ T" such that q"(n) is fully normalized in T" 

and that Tp,, (q"(n)) contains a Sylow p-subgroup of J^"(q") , both members 
of equality 4.8.4 map (q", A„) on the same Z((Q:oQ:')(q"(n)))-conjugacy class 

of group homomorphisms from >C"(c|") = foc^„2" (l", A„) to C.i^aoa.' ° l") i 
that is to say, it suffices to prove that 

V:£"(q")^£(f^l„,oq") 4.8.5 

is Z((aoa')(q"(n)))-conjugate to the composition of a representative X x" „ 
of 

(loc^., *cr(f:"))(,,,^„) = (t''^fr)(ff;'c.".A„) 4.8.6 

with the corresponding group homomorphism (cf. Proposition 4.3) 

A;„:£"(q")^£(f;'oq") 4.8.7. 
But, we already know that Aq" , X^x" and A^,, respectively lift 

{aut^2'^Jiq",A^) , (autj3e')(f^;'„q„_^^) and (aut^x" ^^J(q",A„) 4.8.8 

and therefore the composition X x" „ oX'^„ also lifts {aut x" )(q".A„) i more- 
over it follows from Theorem 4.4 that, for any u" € Npn (q") , we have 

X^.{u") = {aoa'){u") and X'^„{u") = a'{u") 4.8.9, 

and that we may assume that A^^e" {a'{u")) — a(a'(u")) . Now, our claim 
follows from Proposition 4.3. 

From the surjectivity of the Brauer decom,position natural map d (cf. 3.4) 
and from the commutativity of diagram 4.6.3, it follows that in 4.8.1 above 
it suffices to prove the top equality; but, from our claim and from 4.5 we get 
the commutative diagram of natural maps 

O lOCjp- o C{)*(f„„„,) ^ QK O lOC^„x" 



4.8.10 



QK o{oc^,x' ocf)*(f„, ) 
which forces the commutative diagram of the corresponding inverse limits; 
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moreover, we have the obvious commutative 0-mo5-diagram 

Um(0K: o foc^- o cl)*{fl )) — > lmi(£i;c o focjr- o cf)* (fLa')) 

i i 4.8.11 

lmi(0/c o '0^,^' ) — > lnn(0K o toc^,!- o cf)*(f„, )) 

and the canonical O-module homomorphisms (cf. Proposition 3.7) 

QlciJ^, mij.oc) — y \mi(Qjc o [ocjfsc o cf)*(f^ )) 

g^cC^', outjp,sc ) ^ lhn(0K o loc^,^/ ) 4.8.12. 

Qk{^", auij^iioc) ^ lim(0K; o loc^„x" ) 

Finally, by the very definition of the ordinary Grothendieck group in 4.6, 
we get the commutative 0-mo?)-diagram 

, — , Resf . - 

g^{:F, au^c ) ^ g^{P', aut^„=. ) 

\ 

lmi(£iK: o tocjrsc oc{)*(f„„„,)) 

Res,„| i II 4.8.13. 

lhn(0K; o loc^,x' ocf)*(f„, )) 

^ ^ \ 

ReSf , 

, aut^,sc ) ^ {T" , aut^„sc ) 

We are done. 

4.9 We apply these results to the normalizers and the centralizers of the 
subgroups of P . Let Q be a subgroup of P and K a subgroup of Aut(Q) 
containing Int((5) , assume that Q is fully _ft"-normalized in T and consider 
the Frobcnius A'^|F(Q)-category (Q) ; it follows from Lemma 2.5 that any 
Np ((3)-radical subgroup R of Np {Q) contains Q ; consequently, since the 
inclusion l^:N^{Q) — > P is (A'^((3), ^)-functorial, we have O-module ho- 
momorphisms 



Res.K : g,c{J^,autj.oc) — g)c{N^{Q),aut!^K^Qyc) 
ves.K : gk{J^,mtj,oo) — J. e?fe(Ar^((3),aut;v^(Q)sc) 



4.9.1 



and a commutative diagram 



gK{T,mij.'^) gK{N^{Q),aui, 



4.9.2. 



^fe (.F, aut^- ) ^ ( AT^ (Q) , au^K 



(Q)" 
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4.10 Moreover, let R and J be respective subgroups of Np{Q) and 
Aut(i?) , denote by / the subgroup of automorphisms of Q R which stabihze 
Q and R , and act on them via elements of K and J respectively, and assume 
that R is fully J-normalized in [Q) ; thus, QR is fully /-normalized in T 
[5, Lemma 2.17] and we have 

iV^(Q-i?) = <^(Q)(i?) and 7V^(g-i?) = <^(Q)(i?) 4.10.1; 

then, according to Proposition 4.8 above, we have the obvious commutative 
diagram 



i 4.10.2. 



5 Character decomposition of the functor qic 

5.1 In order to determine the C-rank of Qic{^, out^^ ) , we need a suit- 
able decomposition of the functor gjc — analogous to the decomposition of Qk 
in [5, 14.22] — that we develop below. First of all, for any h — {0} , fix 

a primitive ft,-th root of imity in IC and set Uh = (6i) a-nd Uh, = k* x Uh ; 
note that the kernel of the canonical group homomorphism 

Autfc.(^fc) ^ Aut(?7,,) 5.1.1 

can be identified with liom{Uh, k*) and that, denoting by the subgroup 
of p'-elements of f//j , determines a group isomorphism 

'Rom{Uh,k*)'^U'f^ 5.1.2. 

5.2 Let G be a A;*-group with finite fc*-quotient G ; for any injective 
fc*-group homomorphism r]:Uh — > G, the so-called ordinary characters de- 
termine an 0- module homomorphism Qk.{G) — > O mapping the class in 
Qk{G) of a /C^G- module M on the linear trace trM(??(l,^?i)) ; actually, this 
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O-module homomorphism only depends on the G-conjugacy class of . More- 
over, if we have o-(l, ^h) = (A, ^h) for some /;;*-automorphism a of Uh inducing 
the identity on Uh then we still have 

trM(WoCT)(l,a)) = A-trM(j?(l,a)) 5.2.1 

where A denotes the corresponding lifting of A € fc* to O* (cf. 1.7). That is to 

say, denoting by Monk* {Uh-, G) the set of injcctivc fc*-homomorphisms from 
Uh to G , G acts by conjugation on this set and U'f^ acts on it via isomor- 
phism 5.1.2 centralizing the action of G , and on O via the inclusion Uj^ C O* ; 
moreover, equality 5.2.1 shows that these actions arc preserved by our cor- 
respondence. In conclusion, denoting by JrIif'^{Monk*{Uh,G),0) the set of 
O-valued functions which preserve the corresponding t/^-actions, we have 
obtained an 0-module homomorphism 

g^{G) ^ J^ctu'^{Monk.iUh,G),of 5.2.2. 

5.3 On the other hand, since we have G = k*-G' for a suitable finite 
subgroup G' of G and then, setting 

Z' = k*n G' and e' = ~ ^ z' 5.3.1, 

' ' z'ez' 

we have Qic{G) = Qtc^lCG'e') [4, Proposition 5.15], it is not difficult to prove 
that homomorphisms 5.2.2 when h runs over N — {0} determine a /C-module 
isomorphism 

'^g^iG)^ [] Tctu'^{Monk,{Uh,G),lcf 5.3.2 

/»6N-{0} 

where ^ctw^ (Mon^. {Uh, G),lCj is the set of /C-valued [//^-invariant functions. 
Note that any function X S J'ctuf^(Mouk''{Uh,G),JC) vanish over the k* -group 
monomorphisms fj:Uh ^ G mapping (1, ^h) on an element x G G such that, 
setting X = k*-x , the image of Cg{x) in G is a proper subgroup of Cg{x) . 

5.4 Pushing it further, denote by M.on{Uh, G) the set of injective group 
homomorphisms from Uh to G and by 

tj7^ g : Moufc. {Uh, G) Mon{Uh, G) 5.4.1 

the canonical map, so that acts regularly on the fibers (cf. 5.1.2); thus, 
we still have the obvious decomposition 

Jctu',{M.onk*{Uh,G),0) ^ H Tctu'^{{w^c)~\v),0) 5.4.2 

j)6Mon(C/h,G) 
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and therefore we get 

^g^{G)^ n ( n ^^tu',i('^h,Gr'iv),IC)Y 5.4.3. 

/»eN-{0} 7]eMon{Uh,G) 

Note that, for any r] e Mon{Uh, G) , the term 7itu> ((ro^ ^) si.fi'Ge 

O -module of rank one. 

5.5 As in [5, 14.16], isomorphisms 5.3.2 and 5.4.3 are actually natural 
and, in order to show this naturality, we have to develop a suitable functorial 
framework. Moreover, in our present situation, wc have to extend our con- 
struction to the respective subcategories fc*-i£oc and i£oc of k*-£,oc (cf. 3.3) 
and £oc (cf. 1.8) formed by the same objects and by the classes of injective 
homomorphisms. As in [5, 14.16], denote by the category of finite sets 
endowed with a J7^-action and by 

nsi'^ : — 5.5.1 
the corresponding forgetful functor; then, we consider the evident functors 

Uh ■■ k*-i£^c — ^^N and Uh : i£oc — > U 5.5.2 

mapping any A;*-i£oc-object {L,Z) on the U'f^-set Mon/j* (C//,, i) of Z-conju- 
gacy classes in Moufe. {Uh, L) , and any i£oc-objcct (L, Z) on the correspond- 
ing set Mon(C/ft,G) respectively; moreover, denoting by qt:fc*-iiioc i£oc 
the obvious k* -quotient functor, we clearly have a natural map 

u' 

vjh ■ us^ o U/j — > Uh o qt 5.5.3. 

sending G to tu^ ^ (cf. 5.4.1). 

5.6 Furthermore, identifying the category of sets H with the full subcate- 
gory of the category of small categories [5, A1.6] over the small categories 
which have no other morphisms than the corresponding identity morphisms, 
we can consider the functor 

Uh oqt: k*-i£oc — >• K c 5.6.1 

as a so-called representation of A;*-i£oc [5, A2.2] and then we can consider 
the corresponding semidirect product [5, A2.7] 



k*-{uh X i£oc) = (u/j o qt) x (fc*-i£oc) 



5.6.2 



37 

where the objects are the pairs {fj, £) formed by a A;*-iiloc-object C = {L, Z) 
and, setting (L, Z) = qt(£) , by the Z-conjugacy class of an injective group 
homomorphism rj-.U^ ^ L , and the morphisms from (fj, t) to a A;*-i£oc-ob- 
ject (77', C') are the fc*-iiloc-morphisms Cp: C ^ C fulfilling fj' = (\i{(p) o fj . 

5.7 Coherently, for any h' dividing h , choosing the identification between 
Hom(/7/i', A;*) and Uh/ determined by {(,h)^^^ (cf. 5.1), the inclusion Uh' C Uh 
induces a functor and two natural maps 

xzs(p : — 

5.7.1, 

Ph',h ■■ tesy^ o u,, — > Uft' and ph',h ■ U/, — > Uh' 
and it is easily checked that [5, Al.5.1] 

^h' ° {ph',h * tes[^'; ) = {ph',h * qt) o 5.7.2. 

h' 

Moreover, the natural map ph',h above determines a functor [5, Proposi- 
tion A2.17] 

(ph'M * qt) XI : k*-{Uh x iiioc) — > fc*-(uv x i£oc) 5.7.3 

mapping {f],jC) on {f]',jC) where fj' denotes the ^-conjugacy class of the re- 
striction of rj € fj . 

Proposition 5.8 With the notation above, we have a functor 

: r-(uftXi i£oc) — ^^^U 5.8.1 

mapping any k*-{uh>^ xZot)-ohject {f],C) on the regular U'^^-set (w^^)~^(?7) 

and mapping any k* -{uh>^i&oc)-morphism : {fj, t) — >■ {fj' , £') on the bijective 
map 

K£)^'(^) = K,£')"'(^') 5.8.2 

determined by iihi'f) ■ Moreover, U/, is the direct image of xot via the struc- 
tural functor 

ph ■ k*-{uh X i-Coc) — > k*-i£oc 5.8.3. 

Proof: As we mention above, the k*-{uh» i£oc)-objects are the pairs formed 

by a fc*-i£oc-ob-ject jC = (L, Z) and, setting (L, Z) = qt(>C) , by an object of 

the "category" Mon{Uh, L) , namely by the Z-conjugacy class fj of an injective 
group homomorphism rj-.Uh L; then, in the map (cf. 5.4.1) 

n7^_^ : Monfc. {Uh, L) — y Mon([/ft, L) 5.8.4, 
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U'f^ acts on the left end, stabilizing and acting regularly on the fibers, so that 
{zUf^ £)~^{'n) is indeed a U^-set. Analogously, the fc*-(u/, xi i£oc)-morphisms 
between two objects (77, C) and {fj' , C') are the pairs formed by a A:*-i£oc-nior- 
phism Cp: C ^ C and by a "Mon(?7/j, L')-morphisni" from the image of fj by 
the functor [Uh0<\i){(p) to 77' , which actually forces the equality qt((^)o^ = f]' . 
Then, it is quite clear that the map 

a(^) : m^k, {Uh, L) M^fe* {Uh, L') 5.8.5 

sends (w^ bijcctivcly onto (ro^ , determining a Uj^-set map. 

The proofs of the functoriality and of the last statement are straightforward. 

Remark 5.9 Note that, for any E Uh , the inner fc* -group automorphism 
of L determined by an element of L lifting 77 (^) acts trivially on (ro^ • 

Proposition 5.10 With the notation above, for any h' dividing h we have 
a natural map 

u' 

Th',h ■■ tes,^?^ oAh — > voh' o {{ph',h * qt) XI 5.10.1 
which sends any k*-{uh>i i£oc)-object {f},C) to the U'h, -morphism 

(K£)"'(^)) i^h',cr'i^<i,iv)) 5.10.2 

mapping any fj £ (w^^)~^(?7) C Monk* {Uh,L) on its restriction to Uh' ■ 

Proof: For any fc*-i£oc-morphisni 0:jC.^jC.', setting = qt(0) , the functor 
tes^? o tbh maps the k*-{uh x iiloc)-morphism {fj,jC.) {(p o fj,t') on the 
U'f^i-set map 

^«%i(K£')"'(^°^)) 5.10.3 

h h' 

sending fj € (cc^ c)~^{v) to 0o^; whereas tbh' o {{ph',h * qt) >^ i^/j.-j^^j) maps 
this morphism on the analogous [/^,-set map 

° n') 5.10.4 

where we are setting 77' = Res^^, (77) ; thus, the corresponding diagram is 
indeed commutative since the restriction to Uh' is compatible with the com- 
position with If on the left. We are done. 
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5.11 We are ready to discuss the naturality of isomorphisms 5.3.2 and 
5.4.3. As in [5, 14.21], consider the evident contravariant functor 

mu' -"'^^ — >0-moZi 5.11.1 

h 

mapping any finite U'f^-set X on the O-module J^ct^j^ {X, O) of the O- valued 
functions over X preserving the {/^-actions; note that if ^-a; — x for some 
X G X and some ^ G [//j — {1} then we have f{x) = for any / S -^ctj/^ {X, O) . 
On the other hand, note that if we have a contravariant functor 

m : A:*-i£oc — > /C-mo5 5.11.2, 

for any A;*-viloc-object £ = (L, Z) , setting (L, Z) = qt(£) , m{C) has an 
obvious /CL-module structure, so that it makes sense to consider 

HO(L,m(£)) =m(£)^ 5.11.3; 

further, ii 0:C C' = {L',Z') is a /i-*-i£oc-morphism. it is easily checked 
that xn{(f) maps m(£')^ on an /C-submodulc of m{C}^ ; that is to say, we 
get a new contravariant functor from fc*-i£oc to /C-moO — noted f)''(m) — 
mapping jC on m(£)^ and on the map from m{jC')^ to m(£)^ induced 
by m(<^) . 

5.12 Finally, still denote by Q)c : k*-i£oc -> O-moV the obvious functor 

mapping any fc*-i£oc-obicct (L, Z) on Gk{L) ■ With all this notation, it is now 
quite clear that isomorphism 5.3.2 actually defines a natural isomorphism 

V= n f)°('^:^c%;;ouft) 5.12.1 
^eN-{0} 

where '^qk: and '^Jitu'^ denote the respective compositions of qjc and J^ctw^ 
with the scalar extension from O to K,. Consequently, considering the com- 
position '^Qic o [oc^so in 3.5.1 above, from definition 3.5.2 we have 

^gK{J',^i^') = lim{ Yl f)0('=7c%. oUft)of^c^sc) 5.12.2; 

heN-{0} 

that is to say, we still have 

'^gK{J',mt^^c)= Yl '^g,c{J',mt^-^c)f^ 5.12.3 

heN-{0} 
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where, for any h gN — {0} , we set 



lim {^J^Ctiji OV^f^O [oc^s, 



k*-{uh x iiloc) ^ k*-\Zoc 



5.12.4, 



the last isomorphism being obvious. 

5.13 But, according to Proposition 5.8 above, the functor 

u,, : fc*-i£oc — )■ 5.13.1 

is the direct image of the functor 

tt),, : r-(u?^xi i£oc) = — ^-^^H 5.13.2 

throughout the structural functor 

ph ■ k*-{uh X i2oc) = {uh o qt) » (fc*-i£oc) — > fc*-i£oc 5.13.3. 

Moreover, considering the semidirect product 

"Mc[)*(7-") = {uh o loc^sc) X cf)*(^") 5.13.4, 

we have the evident commutative diagram of functors 



5.13.5. 



Then, it is not difficult to check that the composition U/^ o locjr'" is also the 
direct image of the composition 

rolh = Aft o (idu^cioc^scX hc^c) : "Hd)*{J^^°) 5.13.6 

throughout the bottom functor in diagram 5.13.5; further, the direct image is 
clearly compatible with the functor Jbtw : K — )■ O-mol) . Thus, we finally 
get [5, 1.6] 

lim [Tctu'^ o Uft, o loc_7r=<:) = lim {J-ctw^ o mlh,) 5.13.7. 
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6 An equivalence of categories 

6.1 With the notation above, the point is that the semidirect product 

"''[c{)*(^") = {Uh o loCjpsc)x c{)*(^") 6.1.1 

admits another description in terms of the following category ''(^°°) . The 
(T )-objccts arc the pairs Qp formed by an J^-selfccntralizing subgroup Q 
of P and by a Z((3)-conjugacy class of injective group homomorphisms 
p:Uh ^ C-{Q) or, equivalently, an i£oc-morphism 

-p:{Uh,l)^{C{Q),Z{Q)) 6.1.2, 

whereas the ''(.T^" )-morphisms from another ''(J^°)-object to are the 
J^°-morphisms ip: R ^ Q such that, denoting by jC{ip) the localizer of the 
.7^°-chain Ai T""^ determined by ip , there is an iiloc-morphism 

a:{Uh,l)^ijC{>fi),Z{Q)) 6.1.3 
such that we have the following commutative iiloc-diagram 

{£{R),Z{R)) ^ (C/^,1) 

Ioc^=c(idQ,5g) \ a I 

(£M,z(g)) 

note that such an i£oc-morphism a is unique and that £{ifi) determines well- 
defined subgroups of C{Q) and C{R) . 

6.2 The composition of the J-'-morphisms induces a composition in ) 
since, for a third ''(J^°°)-object T"^ and an )-morphism tjj-.T'^ — >■ R'^ , 
denoting by C{ip, ip) the localizer of the ^°°-chain A2 J^"^ determined by 
ip and ip , we have the \£oc-puU-back 

{C{RIZ{R)) 

IOC^sc(idT,5?) ^ ^10C^=c(idQ,5«) 

{C{^I^),Z{R)) {C{^),Z{Q)) 6.2.1 

[oc^sc (id^jij) ^ / loc_pSc (idy,(5j) 

{L{i,,^),Z{Q)) 

and therefore, denoting by i3:{Uh,l) [£{1!^) , Z {R)) the corresponding 
i£oc-morphism, the equalities (cf diagram 6.1.4) 

(ocjpsc (idg, (5^) oa = a= [oc^- (id^, 6^) o /3 6.2.2 



{C{Q),Z{Q)) 



[OC-; 



= (idfl,<5?) 



6.1.4; 
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force the existence of an i£oc-morphism e:{Uh,l) — > {jC{ilJ,<f), Z{Q)) ful- 
filling 

[ocjr"'^ (idy, (5q) o e = (5 and locjr''^ {id,p, Sl) o e = ^ 6.2.3, 
so that, setting 7 = locjr^c (id^oi/;, ^1)5 finally get 

loc^so (idr, (^o) o (7 o e) = [oc_7rsc (idij, 5°) o loc^^c (id,^, Sq) oe = p 
[oc_7rsc (idg, 5?) o (7 o e) = loc^sc [idn, 6°) o [oc_^sc (id^, 6^) o e = f 

6.3 Note that we have a faithfully forgetful functor ''(J^"^) — > J^"^ ; for 
short, we denote by 

Oh = 0<.(^sc) : cf)* ( 6.3.1 

the corresponding evaluation functor. Moreover, for any h' dividing h , 
it is clear that the inclusion Uh' dUh induces a faithful functor 

th',h : V) V") 6.3.2. 

On the other hand, since the category of chains c[)(^°) is already a semidirect 
product [5, A2.8], the "''[cf)*(J-" )-objects can be identified with the triples 
(77, q, A„) formed by an -chain q : A„ T and by an i£oc-morphisni 

7? :([/,,, l)^(£(q),Ker(7rq)) 6.3.3; 

for short, for any i e A„ , denote by 

: (/:(q),Ker(7r<,)) (£(q(z)) , Z(q(»))) 6.3.4 

the image by the functor [ocjr^'^ of the c[)*(J-"^°)-morphism from (q,A„) to 
(q(i), Ap) determined by the identity map of q(z) . 

Proposition 6.4 For any h € N — {0} , we have an equivalence of categories 
M:"''[cr(^°°) = cr(V°)) 6.4.1 

which maps any [cf^*(J^'°)-o6jeci (77, q,A„) on the chain q** : A„ — 

sending any i e A„ to the ''{7^°) -object q(i)'«''°^ and any An-morphism {j»i) 
to c\{j»i) ■ Moreover, for any h' dividing h , we have the commutative diagram 

(Pfe',ft*'t";^=<=)xii't^*(^='=)f I'^h'i-Ch'.h) 6.4.2. 
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Proof: Considering the J^-chain Ai = {j, i} ^ T obtained from the re- 
striction of q , and the cf)* (J^ )-morphism from (q, A„) to the cf)* (J^ )-object 
determined by this J'-chain, it is easily checked that q(j»z) is indeed an 
''(J^°)-morphism from C[{jyi°^ to q(i)'^< °^ . Moreover, a kf)* (J^°)-morphism 
to {f], q, A„) from a "''kf)*(J'°°)-object {9, x, A^) is defined by a c[)*(J'°°)-mor- 
phism 

(M,^):(r,A„)^(q,A„) 6.4.3 

fulfilUng locj^sc [ii,5)o0 = fj [5, condition A2.6.2], and therefore (/U, 5) is also 
a c[)* ( ''(J^°))-morphism from (r^, A^) to (q'', A„) . Thus, we have obtained 
a functor 

]h : "Hcr(-^"') cr(V)) 6.4.4. 

On the other hand, any [IF )-chain q : A„ [T ) clearly determines 
a J^" -chain q : A„ — >■ J^'^ ; consequently, by the very definition of ''(J^") , we 
have q(i) = q(i)* where 

ryi:(C/ft,l)^(£(q(z)),Z(q(z))) 6.4.5 

is an i£oc-morphism for any i £ A„ and, since q(j»«) is a morphism from 
q(j)^J to q(i)''' for any < j < i < n, arguing by induction on n it is not 
difficult to prove that there is a unique i£oc-morphism 

ry :([/,., 1) ^ (/:(q),Ker(7rq)) 6.4.6 

fulfilling of] = fjf for any i e A„ . 

h sc 

Similarly, if r : A^ ( J" ) is a chain and, for any j G A^ , we have 
= t{jyi°^ for a suitable i£oc-morphism 

^:(C/h,l)^(£(r),Ker(7r,)) 6.4.7, 

then any c()* (''(7^'°)) -morphism (/t, S) : (r, A^) — > (q, A„) induces a cf)*(J' ' )- 
morphism (/i, S) : (t, A^) — > (q, A„) such that 

[oc_^- (^^, idAj o rj(^) oe = fji=i^ofj 6.4.8 

for any z G A„ , and therefore, since we have 

locjrsc (/ii, idAo) ° ^^5(1) = ° ^ocjfsc {fi, 6) 6.4.9, 

we get locj^so [fj,, 5) o 6 = f} by the uniqueness of ?7 . Hence, the functor '% is 
an equivalence of categories. The commutativity of diagram 6.4.2 is easily 
checked. We are done. 
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Proposition 6.5 For any h €N — {0} , we have a factorization oftiilh 

j. l\\ Tt" 6.5.1 

cr(V°)) ^ V°) 

throughout a functor th'- (J^ ) '^'■H mapping any [F )-object on the 
regular U'f^-set (tu^ (£(q) z(q)))^^(p) '^'^'^ '^'^2' (-^ )-morphism tp'.R" 
on a U'f^-set bijection 

('^h,(CiR),Z(R))) ^(^) — i'^h,(C(Q),ZiQ))) ^(P) 6.5.2. 

In particular, we have 

'^g^{J^,mi^sc)f^ ^ V),'^-^c%;; Ot;,) 6.5.3. 
Moreover, for any h' dividing h we have a natural map 

Oh',h ■■ tes^? o tft — )■ th' o th',h 6.5.4 
sending to the U'f^,-set map 

induced by the restriction throughout the inclusion Uh' C Uh ■ 

Proof: Let us denote by R and Q the obvious T -chains and by (p the 
-chain mapping on i? , 1 on Q and the Ai-morphism (0 •!) on ip; thus, 
we have evident cf)*(7^ )-niorphisnis 

{R, Ao) ^ (<^, Ai) (Q, Ao) 6.5.6 

and then the natural map [oc^sc — >■ loc^sc (cf. 3.3) sends these cf)*(.7^'')-mor- 
phisms to a commutative diagram 

mR),ZiR)) ^ {C{ip),Z{Q)) mQ),Z{Q)) 

t t t 6.5.7; 

^ (£(^),Z(g)) {C{Q),Z{Q)) 

hence, the bottom fc*-i£oc-morphisms induce a t/^-set bijection (cf. dia- 
gram 6.1.4) 
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Now, we claim that the correspondence sending the ''(^° )-niorphism 
to the U'f^-set bijection t/j(<^) defines a functor; indeed, for a third ''(^'^ )-object 

- h sc - — 

and a {T )-morphism f/) : T'^ — >■ , we have the following evident com- 
mutative cf)*(J^")-diagram 

(Q,Ao) = (Q,Ao) 

t 

(vp,Ai) ^ {R,Ao) 
t t t 6.5.9 

(c,A2) ^ (^,Ai) ^ (T,Ao) 

^ II 
((^oV,Ai) ^ (T,Ao) 

where the .7^°-chain c : A2 — >■ .7^° maps on T , 1 on ii , 2 on Q , (0 • 1) on i/» 
and (1»2) on once again, the functor [oc^sc maps this cf)*(.7^'')-diagram 
on the commutative iiloc-diagram 

{C{Q),Z{Q)) ^ {C{ip),Z{Q)) ^ {C{R),ZiR)) 

t t 
t mc),Z{Q)) ^ (£(V'),^(i?)) 6.5.10; 

^ ; 

{£{^oi;),z{Q)) ^ (£(r),z(r)) 

at this point, considering the corresponding commutative diagrams 6.5.7, it 
is easily checked that 

th(vp o V) = th((/.) o th(V') 6.5.11. 

Moreover, it follows from Proposition 5.8 and from definition 5.13.6 

above that the functor rbl^ maps the ^''ki]*{T )-objcct (f/,q,A„) on the 
C^^set (^^ft^(£(q),Kcr(7r,)))^H»?) ; but, thc imagc by locjr- of the cf)*(.F")-mor- 
phism (q, A„) — > (q(i), Aq) determines a lifting of l- 

: £(q) £(qW) 6.5.12; 

then, it is quite clear that 

^'i ° (^/i,(£(q),Kcr(^,)))"'(^) = ° »?) 6.5.13, 

where the left member denotes the set of compositions of with all the 
elements of the U^-set (tu^ ^^^^^ Ker(7r,)))~^(^) • other hand, by the 

very definition of ih , we actually have 

(^?i,(£(q(0)),^(q(0))))"^('^ = i^h O O jh){fj, q, ^n) 6.5.14. 
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From these equalities it is esaily checked that we have a natural isomorphism 

Atft, - oOft oj^ 6.5.15. 

Finally, the /C-module isomorphism 6.5.3 follows from the O-module 

isomorphism 5.13.7, from Proposition 6.4 and from this natural isomorphism 
[5, A3. 9]. The proof of the last statement is straightforward. 

Remark 6.6 By Remark 5.9, for any S, E Uh the functor t/j maps the 
J^'^ )-automorphism 7rQ(yo(^)) of , where p G p , on the identity map 
of {Wf^ (CiQ) z(Q)))~^iP) ' particular, factorizes via the exterior quotient 
of determined by the correspondence mapping any ''(J'°°)-ob- 

ject on the group of ''(^°)-automorphism of induced by p{Uh) [5, 6.3]. 

6.7 Note that the category ^{J^"^) also admits an interior structure 
[5, 1.3] which maps any ''(^^°)-object on the group J^^piv ) (Q) of '^{J^"")- 

automorphisms of Q'' whore wo arc choosing p G p; then, denoting by '^{T"') 
the corresponding exterior quotient, it is easily checked that the functor t^, 
admits a factorization 

th ■■ Ht'I — ^ ^''H 6.7.1 
and, in particular, we still have (cf. 6.5.3) 



6.8 On the other hand, for any h' G N — pN , recall that in [5, 6.3 

and 14.25] we have defined an analogous category (^°°) where the (^°°)- 
objects are the pairs formed by an ^-selfcentralizing subgroup Q oi P 
and by an injective group homomorphism p : Uh' ^{Q) and, for a second 

(.F^°)-object , the (.F^°)-morphisms from to are the ^°°-mor- 
phisms (p:R^Q fulfilling 

P(0 o(p = (po p{^) 6.8.1 

for any ^ G Uh' , and that in [5,. Proposition 14.28] we have obtained a 
factorization analogous to 6.5.1, via a functor sw '-^ i^") ~^ '^'''^ which 
maps any '''(7^°)-object QP on the Uh'-set {w = [5, 14.18.4] and 

any ^ (^'')-morphism — >■ on a suitable Uh'-set bijection 



6.8.2. 
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6.9 Moreover, respectively denoting by h^' and the p'- and the p-part 
of any /i G N — {0} , let us consider the functor 

j:^ : ^''''{D H 6.9.1 

which maps any ( J"'" )- object Qp on the set Mon{Uhp , Q^'^^^p' '> ) of QP^'^hp' )- 
conjugacy classes of injcctive group homomorphisms Uhp QP^^hp'") ^ where 
we choose a hfting p{U^p') of p{Uf^p') to J^{Q) and denote by QP^^hp'^ the 

subgroup of p([/^p' )-fixed elements of Q , and sends any ' ( J"'" )-morphism 
from to QP , determined by a ^°-morphism (p:R^Q,to the map 

MxmiUhp.R"''^'-^'^) — > Mon(C/?,p,0''(^'.J'')) 6.9.2 

determined by the group homomorphism R^^^hp'^^ — > Qp'^^hp'^ induced by a 
suitable representative of (p . Finally, the map ^hp' H x H — > ^hp' H induced by 
the direct product determines a new functor 

Sf^,. {^"") ^^'^'-'^ 6.9.3. 

Proposition 6.10 For any /i € N — {0} we have a functor 

0^ : ''"'{T') 6.10.1 

mapping any ^{J^ )-object Qp such that Q is fully normalized in T and that, 
choosing p & p, p(Uhp) is contained in Np{Q) , on the {T'^") -object formed 
by Q = Q-p{Uhp) endowed with the Uf^p> -action p' -.Uf^p' — >■ J^{Q) induced 
by p, and mapping the class of any '^{J^°)-morphism (p-.R"^ — ?■ Qp on the 

unique {T''°)-morphism RF — >• Qp extending if>:R — >■ Q. Moreover, we 
have 

(5^)*(Jctc/^^, o i^) = Fctu^^, o {ShP' X ih) 6.10.2 
and, in particular, for any n € N we get a group isomorphism 

m''{f^),Tctu^^, oih) = M^C'"' {r),J^ctu^^, o {s^p, X y^)) 6.10.3. 

Proof: First of all, consider the analogous functor 

■■ ''"'{r") H 6.10.4 

mapping any (7^° )-object Qp' on the set M^n{Uhv,Q^'^^'^^'^) of Qp'^^hp'L 
conjugacy classes of injective group homomorphisms Uhp — >■ Q'' •* , where 
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p' G p' and Q'' ^^hv'^ denotes the subgroup of fixed points of p'{Uf^p') C C{Q) 

in Q C C{Q) , and mapping the class of any '' ( J^^" )-morphism f.R" — )• Qp' 
to the map 

yk^u{Uh^,R'''^^Hv''^) M^u{UhV:Q^'^^>^'''^) 6.10.5 

determined by the group homomorphism '^^hp' ) ^ Qp'^'^hp' ) induced by ip , 
where a' & a' . As above, the functor X)h can be viewed as a representation of 

the category '"'^ [J-'"') [5, A2.2] and we consider the corresponding semidirect 

product t)h x {J^") [5, A2.7]; then, we define an adjoint pair of functors 

h:r)hx'''{rn^\rn and q,, : \r') ^ r)hX (r') 6.10.6 
as fohows. 

An r)/iX (J^°°)-object is a pair formed by a (J^ )-object and by 
a Q'^ ^^hp'^- conjugacy class p" of injectivc group homomorphisms 

p" -.Uhp ^ Q"'^^'-^'^ 6.10.7; 

it is quite clear that p' and p" define an injectivc group homomorphism 
p:Uh ^ C{Q) and therefore they determine a £oc-morphism 

p:{Uh,l)^{C{Q),Z{Q)) 6.10.8; 

hence, we get a ''(J'°°)-object and then, we define fh{p",Q^') = for 

a choice of p" G p" . Similarly, a t}/i x ( )-morphism to {p",Q^') from 

another t)hX (J-"'°)-object {a" ,R''') is the class of an (J^°'')-morphism 
f.R"' ^ such that, denoting by (p the restriction of to R'^ ^^^p' ^ for a 
choice a' & a' , we have (pod" = p" and we may assume that <pou" = p" ; it is 

then clear that p still determines an ''(J^''°)-morphism from R"^ = fh{o'", R"^ ) 

to and, coherently, we define mapping the class of </? in [T'" ) on the 
class of f in '^[J^") . The functoriality of this correspondence is clear. 

Conversely, note that any ''(^^°)-object admits an ''(J'")-isomorphic 
one such that Q is fully normalized in T and, identiiying Np{Q) with its 
structural image in C{Q) , p{Uhp) is contained in Np{Q) for p S p; thus, in 

order to define the functor Qh , we may replace ^{J^") by its full subcategory 
over those objects. 

— h sc ^ 

If QP is such an )-object, the product Q ~ Q-p{Uhp) is a subgroup 
of Np{Q) and it is not difficult to check that the localizer C{iQ) of the 
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J'-chain determined by the inclusion map from Q to Q can be identified with 
the normalizer Nc{q) [Q) which clearly contains p{Uf^p' ) ; thus, choosing a 
representative fi of the £oc-morphism 

loc^=o (id^, : (£(^3), Z(Q)) (CiQ), Z(g)) 6.10.9, 

the composition of /x with the restriction p' of p to Uf^p' determines a £oc-mor- 
phism 

p' :iU^p,,l)^{C{Q),Z{Q)) 6.10.10 

and therefore we get an {F )-object Qp ; now, since p{Uhp) is contained 
in Q , the restriction p" of p to Uhp determines an injective group homomor- 
phism p" : Uhp Q''^^hp' ) ; then, we define 

9h{Qn = ip",Q'') 6.10.11 

where p" denotes the Q''''^'»*''^-conjugacy class of p" . 

If R'^ is also such an {T )-object and (p : R"^ — >■ is an (J" )-mor- 
phism, we know that there is a £oc-morphism (cf. 6.1) 

a:{Uh,l)^{C{>fi),Z{Q)) 6.10.12 

fulfilling (cf. 6.1.4) 

loc^so(idi{,(5i) o a = 0- and loc^^c (idg, ^q) o ci = p 6.10.13; 

then, choosing representatives Aq of lo c jr^^ {idq , Sq) and Ai of locjr^^ {ida, 61) 
such that, identifying R with its structural image in C{ip) , we have Xq{v) = v 
and Ai(i') = ip{v) for any v € R, there are representatives p € p , a ^ a and 
a G a fulfilling 

Ao o a = (7 and Ai o a = p 6.10.14 
and, in particular, inducing group isomorphisms 

a{Uhp) = a{Uhp) ^ p{Uhp) 6.10.15; 

since clearly ^~^(Z((5)) C Z{R) , it is easily checked that ip and these iso- 
morphisms determine an injective group homomorphism 

ifi:R = R-a{Uhp)—^Q-piUhp) = Q 6.10.16 

which agree with Ao and Ai ; then, it follows from [5, Proposition 18.16] that 
(fi is actually an J^-morphism. 
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Now, C{ip) contains R and it is clear that 

a{U^,,) C Ai(iV£(^)(i?)) C Nc(R){R) = £{4) 6.10.17; 

moreover, choosing a representative u of the £oc-morphism 

[oc^sc (id^, : {£(4), Z{R)) {C{R), Z{R)) 6.10.18, 

it is easily checked that (z/o Xi)(^Nc{ip){R)) is contained in the image of £(<p) 
in C{R) via any representative Ai of the £oc-morphism 

(oc^3c (id^, S°) : {£{0), Z{Q)) {C{R), Z{R)) 6.10.19 

and therefore the restriction of a to Uf^p' and the composition z/oAi determine 
a iloc-morphism 

a' : (C/,,p. , 1) {Ciip),Z{Q)) 6.10.20 
fulfilling the corresponding equalities 

[ocjrsc (id^, (5?) oa' = a' and [oc^rsc (id^, 5^) o a' = p' 6.10.21, 

so that (f is also an {J^ )-morphism from R'^ to ; it is easy to check 

that the (J^°'')-morphism determined by (p does not depend on our choice. 
Finally, respectively denoting by 

p" : Uhp QP^^r^"'^ and a" : Uhp R^^^hp'^ 6.10.22 

the restrictions to U^p of p and a , by the very definition of ip we obtain 
'fi{^"{0) — for any ^ e Uf^p' ; in conclusion, denoting by p" and a" the 

respective Q''^^hp'^- and ^'^'^''"'•'-conjugacy classes of p" and cr", the class 

of ip still defines a t)/i x (.7^° )-morphism from (ct", ii"^ ) to {p", ) and we 

define Qh mapping the class of in ''(.7^°) on the class of (p in {J^°) ■ Once 
again, the proof of the functoriality of Qh is straightforward. 

At this point, it is quite clear that 

0?* o ffc = if 6.10.23; 

moreover, it is not diflScult to verify that the correspondence sending the 
''(J""')-object above to the ''(J^°'')-morphism from Qp to Qp induced by 
the inclusion Q C Q defines a natural map 

V-^^^.^^hoQh 6.10.24 
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which fulfills r]*fh = idf^ and Qh*'n = idg^ ; this proves that % and Qh form 
an adjoint pair and, in particular, we get [5, 1.6] 

{Qh)*{J^ctu^^, o th) = J^ctu^^, oth°fh 6.10.25. 

On the other hand, for any h' E N — pN note that the categories (J^"") 

and (.F ) are equivalent. Indeed, for any (J^ )-object , it is quite clear 
that the Q-conjugacy class of the group homomorphism p' : Uh' — >■ JC{Q) , 
where we choose p' & p' , is determined by the composition 

^Q°p' ■ Uh' T{Q) S C{Q)/Q 6.10.26, 

namely by the (^°°)-object Q'^<3°p . Similarly, any '''(J'°°)-morphism from 

an {T )-object i?'^ to is the Q'' ^^'''^-conjugacy class of an J'-morphism 
ip:R^Q which admits a group homomorphism a' : Uh' — >■ jO.{ip) fulfilling 

Ao o a' = a' and Ai o a' = p' 6.10.27 

for suitable representatives Aq of locjrsc (idg, (5q) and Ai of [ocjr=c (id/{, 5°) ; 
hence, according to [5, Proposition A2.10], for any ^' e Uh' we have 

^Q(p'(0)°^=(^Q°Ai)(a'(e'))o<^ 

= (auV=(id«,(50)o7r^)(a'(e'))o^ 

= (ouVKidfl,(5?))((7r^oa')(e'))°^ 
= ^o(auV=c(id^,50))((7r^oa')(e')) 
= (po(aut^=c(id^,<50)o7r^)(a'(^')) 
= o (TTij o Ao)(a'(0) = <P o 7rfl(a'(e')) 

which proves that also induces an {J^ )-morphism from _R'^"°'^ toQ'''^"'' . 
Conversely, any representative tp of an (J^ )-morphism 

^ . j^#bo<t' — ^ g*Q°p' 6.10.29 
determines a group homomorphism 

Uh' — > Pii}) = C{^p)/R 6.10.30 

which clearly can by lifted to a group homomorphism /3 : Uh' 'C(^) , and it 
is easily checked that this group homomorphism fulfills equalities 6.10.27 for 
a suitable choice of the representatives Aq and Ai ; hence, the J'-morphism 

ij):R-^Q also determines an '''(J^°)-morphism from R"^' to Q^' , completing 
the proof of the equivalence 

''\r') S "'(J"") 6.10.31. 



6.10.28 
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Moreover, the functors i)h and fh agree with this equivalence; consequently, 
for any /i e N — {0} , we also get an equivalence of categories 

: t}?.x =RX '''(^°') 6.10.32. 

Finally, denoting by 

I, , ~ sc , , ~ sc ^ 

p^iy^x (7^ ) ^ (7^ ) 6.10.33 
the structural functor, we set 

= p5r o e,, o 6.10.34 

and we claim that the direct image of J-ctjj^ ^, oi^j throughout this composition 
coincides with Tcty^^, o (s^^/ x ih) ; indeed, according to equality 6.10.25, for 

any (7" °)-object Qp , we have 



p"eSta;(i7ftp,Q''''V'") 



6.10.35. 



= 7c%^^, ((s^,. xj:^)(Q''')) 

Then, isomorphism 6.10.3 follows from this fact and from Lemma 6.11 below. 

Lemma 6.11 Let € be a small category, m: £ — >■ £C a representation such 
that, for any <t-ohject C , the category "^C only has the identity morphisms, 
and a : m X £ — >■ 2tb a contravariant functor. Denote by :€ — > 2lb the 
contravariant functor mapping any €-object C on Y\x <i(^j C) , where X runs 
over the set of "^C-objects, and any €-morphism f :C — ?■ C on the group 
homomorphism 

a'"(C7') = Yl a{X', C) JJ a(X, C) = a'^(C) 6.11.1 

X' X 

sending {ax')^, G o-(C") to ((a(id„./(x), /))(an./(x)))^ e a'^(C) . Then, 
for any n G N the structural functor m x £ — >■ £ induces a group isomorphism 

e"(mx£,a)^H"(£,a'") 6.11.2. 
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Proof: By its very definition in [5, A3. 8], we know that EI"(m xi £, a) is the 
n-th homology group of the functor 

(a o Omxc)^'*^^*''"'"^^" : A ^ 2tb 6.11.3 

where A denotes the simplicial 2-category [5, A1.7], st: A — >■ the standard 
representation of A [5, A2.2], 5ct(st, tn x £)" : A° ^ the naive m xi €-dual 
representation of si mapping A„ on S^cl(A„,m x e!)" [5, A2.5], and 

Omxc : i?ct(st,m X £)" x A° = c()°(m x — > m x £ 6.11.4 

the corresponding evaluation functor [5, A3. 7]. 

But, any functor q : A„ — )■ m x £ determines a functor q : A„ — >■ £ and 
then q is determined by q and by q(0) = (Xq, q(0)) since, according to our 
hypothesis on m and setting Xi = '"q(0 • i){Xo) , for any i e A„ — {0} we 
have 

c{{i) = (Xi, and q(i-l • i) = (idx^, q(i-l • i)) 6.11.5. 

Consequently, it is quite clear that 

((aoC,cP*(^'-'">^^)°)(A„)= n <^(0)) 

q6®ct(A„,mxiC) 

= H a'^(q(0)) 6.11.6 

qe5-ct(A„,£) 

= ((a'"ot,^pW)")(A„) 

and it is easily checked the coincidence of the functors (oo O^^g.)®'^*^^''"'^^-*" 
and (a"" o i,o^)S^i{^txy . We are done. 

7 A vanishing cohomological result 

7.1 As in [5, Corollary 14.32] for the determination of the O-rank of the 
modular Grothendieck group Qk {J^, aut) , the determination of the O-rank of 
the ordinary Grothendieck group Qic{J^, aut) ultimately depends on a vanish- 
ing cohomological result. However, the general result [5, Theorem 6.26] we 
employ there it is not powerful enough, as it stands, to discuss our present 
situation; but, as a matter of fact, essentially the same arguments prove a 
sufficiently general result. Nevertheless, even if our proof below mainly re- 
peats the proof of [5, Theorem 6.26], we write it completely in order to clarify 
some arguments. 
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7.2 In this section, our setting is just a finite p-group P and a Probenius 
P-category . Let K he a finite p'-group and, as in [5, 6.3], consider the 
category '^ac(^'°) of the iiT-objects of oc(-F") [5, 6.2]; recall that this category 
admits direct products and pull-backs [5, Propositions 6.14 and 6.21]. As in 
[5, 6.25], consider the object 0^g|<- P of the category ac(^°) [5, 6.2] endowed 
with the ii'-action tt defined by the regular action of K on itself and by the 
identity on P between the corresponding terms, so that {®xeK ^ 
indecomposable /C-object of oc(J' ) [5, 6.3]. 

7.3 If is a full subcategory of ^ac(^") and m : 3^ — >^ O-moV is a con- 
travariant functor, we say that a functor m° : 5 — > O-mod is a right-hand 
sectional functor of m if it coincides with m over the iJ-objects and, for any 
^-morphism (p : ^ Qp , we have 

m{(p) o m° {(p) ^ lA^^R.) 7.3.1. 

Note that az{^) still can be identified to a subcategory of ^az{T ) . Moreover, 

recall that the center Z{K) defines an exterior quotient ^ac{J^ ) of ^ac{J' ) 
[5, 6.3]; then, since is invertible in O, if m factorizes via the image 

of 5^ in ^ac{T ) throughout a contravariant functor m : 5 ^ C-moS , it 
follows from [5, Proposition A4.13] that, for any n e N , we have 

H"(5-,m) =H"(5-,m) 7.3.2 

since, considering the subcategory 3 of formed by the same objects and 
by the automorphisms of the ^J-objects induced by Z{K) , H"(5, tn) clearly 
coincides with the ^-stable n-cohomology group of 'S over m [5, A3. 18]. 

Theorem 7.4 With the notation above, let^ be a full subcategory of^a.t{T ) 
over indecomposable K-objects o/ac(^°°) including {^^eK ' ■^^^'^ ^^^^ 
the subcategory ac{^) is closed by direct products and pull-backs. For any 
contravariant functor m : 'S — > O-mod admitting a right-hand sectional functor 
m° : O-moD , we have m) = {0} for anyn>l. 

Proof: First of all, we prove the statement assuming that p-m = or, equi- 
valently, that m is a contravariant functor from ^ to k-mod ; coherently, m° is 
a functor from ^ to k-moX) . Moreover, it follows from [5, Proposition A4.11] 
that for any n > 1 we have 

H"(5^,tn) ^H"(ac(^),oc(m)) 7.4.1, 

so that it suffices to prove that H"(ac(3^), ac(m)) ~ {0} for any n > 1 . 

Set S = ®j,gx^' follows from [5, Proposition 6.14] that the direct 
product by S'^ , or the exterior intersection with S'^ [5, definition 6.13.3], 
defines a functor 

ints^ : acid) ac{d) 7.4.2; 
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then, the existence of the structural ac(5^)-morphism Q^CiS^ — )• S'^ for any 
ac(5^)-objcct QP shows that inis^ factorizes throughout the evident forgetful 
functor [5, 1.7] 

ffls- : ac{d)s^ acid) 7.4.3; 

explicitly, it suffices to consider the functor acCS) — > clc{'S)s' mapping any 
ac(3^)-objcct QP on the structural ac(5^)-niorphism above and any ac(5^)-mor- 

phism a : Qp on a n idsx [5, Proposition 6.14]. But, since the category 

ac(5)s^ has the final object ids^ : S"" -J- 5^ , it follows from [5, Corollary A4.8] 
that for any n > 1 we have 

H"(ac(;?)s.,ac(m)of5s.) ={0} 7.4.4 

and therefore, we still have [5, A3. 10.4] 

H"(ac(S^), ac(m) o intg,) = {0} 7.4.5. 

Moreover, the existence of the structural morphism Cjqp -.Qp r\S^ ^ Qp 
for any ac(S')-object QP shows the existence of a natural map 

uj : ints- — > ic)ac(g) 7.4.6 

sending Qp to luqp ; thus, in order to prove that H"(ac(5^), ac(m)) = {0} , it 
suffices to prove that the natural map ac(m) * co admits a natural section 

: oc(m) o intsTT — > ac(m) 7.4.7, 

so that ac(m) becomes a direct summand of ac(m) o ints^ . 

Explicitly, for any 5^-object QP = {^i^iQi)P , we have [5, 6.13] 

QPnS^ = (^ 7.4.8 

ii,x)eixK (f,T,z^)eiQ,,P 

for a set of representatives Tg^.p of Iq^^p in Tq._p [5, 6.9] and a suitable 
action p of K on the ac(^'^)-object Q n 5 ; in particular, K acts freely on the 
disjoint union 

and let us denote by I/K the set of i^-orbits on / and, for any O G I/K , 
by {Tg)Po the corresponding indecomposable "direct summand" of QPflS'^ 
and by the composition 



fo-iToY^ —^Qpns^^Qp 



7.4.10 
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of the structural oc(S')-morphism with Qqp . Moreover, we denote by 1° /K 
the set of special orbits O e I /K where the J'^-morphisms determining 
are isomorphisms; note that, according to [5, Proposition 6.14], we have a 
canonical bijection 

i°/K^[_\F{P,Qi) 7.4.11. 

Then, we consider the homomorphism 

eqp: {at{m)){QPC\S^) m{QP) 

II 7.4.12 

sending an element m = {fno)o&l/K °^ product to 

eQ.{m) = \r/K\-^- ^°i^o)imo) 7.4.13; 

oei°/K 

since for any special orbit O the composition above is an isomorphism and 
since Tn(fo) o m°(fo) = id^j, , we actually have m°{fg) = tn(fo)~^ and 
therefore we clearly get 

Qqp o (ac(m) * uj)qp = idn,(Qp) 7.4.14. 

By the distributivity of the exterior intersection [5, 6.13], we easily can ex- 
tend this correspondence to all the oc(S^)-objects and then we claim that the 
extended correspondence is a natural map from ac(m) o inis^ to ac(m) ; ac- 
tually, it suffices to consider an 5^-morphism a-.R" — )■ Q'' and to prove the 
commutativity of the following diagram 

{ac{m)){QPr\S^) ^ m{QP) 

(at(m))(ar\ids^) i \. m(&) 7.4.15. 

(ac(m))(i?'^n5") ^ miR") 

Explicitly, if i? = 0^^ j Rj is the structural decomposition of R , then a 
is given by a ii'-compatible map f : J ^ I and by a ii'-compatible family of 
.F-morphisms aj : Rj Qf(j) where j runs over J , and as above we have 

i?'^n5" = ( uY 7.4.16 

{j,x)eJxK (v,u,tf;)eiR^.p 

for a set of representatives 'T/j^.p of iRj,p in ^Rj,p [5, 6.9] and a suitable 
action a of on the ac(.A"')-object Rf\S; again, we set 

J= U -Ifi^p 7.4.17 

(j,x)e JxiST 
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and denote by J/K the set of ii'-orbits on j, by j° /K the set of special 
JC-orbits on J and, for any O G J /K . by {U^Yo the corresponding inde- 
composable "direct summand" of C\ and by : (?7„)'^" ^ i?*^ the ana- 
logous composition 7.4.10; moreover, it is clear that the map / and the family 
{oij}jeJ determine a ii'-compatible map f -.J ^ I and, for any O G J/K , 
an 5^-morphism 

It is easily checked from [5, Propositions 6.14 and 6.21] that [5, 6.18.2] 

R'^&r\cuQp{Q''nS'')^R''r\S'^ 7.4.19 

and, by the distrihutivity property, we may assume that the exterior inter- 
section R" n S"^ coincides with 

( ^.a,n,T)" 7.4.20. 

Then, for any (i, x) G J x K and any t = (r.T, if^) G Tg^^^.j^p , we choose 
representatives t G f and ctf^j) G <5/(j) > and a set of representatives M^(j,a;,t) 
in Qf{j) for the set of double classes T{T)\QfQ)laj{Rj)] we denote by 
W^fl^- ^ the set of w G H^(j>,t) such that the subgroup 

Un, = {K^^^.^{w)oa^)-\T{T)) 7.4.21 

remains ^-selfcentralizing, and by ^[j^x,i,w) '-Uw T the ^°-morphism de- 
termined by the compositions i^q^^.^ {w) o aj , where i^q^^.^ (w) denotes the 
corresponding conjugation by w . 

Now, with all this notation, it follows from [5, Proposition 6.19] that, for 
any {j, x) G J x K and any triple t = (ft, Tt, ) G ^Qf^j-, ,p , we have 

Rjajr\fn= 7.4.22 

and isomorphism 7.4.19 determines a "graded" bijection between the disjoint 
union 

U U <.x,t) 7.4.23 

{j,x)eJxK te^Q^yj.p 

and J; moreover, the ac(^'')-morphism 

anids- : i?'"nS'" — yQ^nS"" 7.4.24 
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is the "direct sum" over the set [J^ x)&jxk ^QfU)^P of the ac(J^'')-morphisms 
^{3,=o,i)- U^^T^ 7.4.25 



defined by the J^"-morphisms P(j^x,t,w) - Uw above. 

Furthermore, K acts on all this situation, and let us denote by OQ^x,i,w) 

the i^-orbit — which is actually regulm of the element of J determined by 

(j, x,t, w) , by 0(/(j)^j;^t) the image in I via f of 0(j,x,t,u;) — which actually 
does not depend on if — and by 





: (r„ Y°uu),x,i) - 

^ '^(/(.,),x,t) ^ 






^0(3,x,t,») 


: ([/„ )''oo...t.™) - 




7.4.26 


°(3,x,t,t») 









the 3^-morphisms respectively determined by the iT-orbits of ft , I3(j^x,t,w) 
and ; then, the naturality of oc(m) * oj forces 

m(v„ ) o m(a) = m(P„ ) o m(f„ ) 7.4.27, 

so that we still have 

m({;„ ) omfa) om°(f„ ) = m(^„ ) 7.4.28. 

Now, we are ready to prove the commutativity of the diagram 7.4.15; 
according to our definition, the composition m{a) o Oqp sends the element 
m = {1^0)0^1^1^ where e m({T^)''") , to the sum 

\r/K\-'- (m(a))K(fJ(mJ) 7.4.29; 

oei°/K 

on the other hand, we have 



((ac(m))(anids-))(™ 

= E E 
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and therefore, denoting by the set of to e W^"^ ^ such that Uw = Rj , 

so that then we have m°({;„ ) = m(Vn , it follows from our 

definition of 9rc and from equality 7.4.28 that 

{eR. o (ac(m))(anids^))(m) 



7?„ 



OM.t)l ^^^U^o,^ ^. ^^ 7.4.31. 



•mfa) (m° (f„ )(m„ )) 



But, note that if 0(/(j)^i^t) belongs to then we have t)l ~ ■'■ ' 

moreover, it follows from [5, Corollary 4.9] that aj induces an injective map 
from P{P,Qf^j^) to P{P,Rj) and it is clear that |/~^(«)| = l-^l/l^l for any 
i G I ; furthermore, according to [5, 6.7.2] and to bijection 7.4.11 above, we 
have 

\I°/K\ = \I\\T{P)\ and \J°/K\ = \J\\:F{P)\ (mod p) 7.4.32; 



hence, the sum of all the corresponding terms in the second member of equal- 
ity 7.4.31 coincides with the sum 7.4.29 above. 

Consequently, in order to show the commutativity of diagram 7.4.15, 
it suffices to prove that, for any j G J and any t G 'Zq^^.^^p such that 

fi'.Ti^Q is not an isomorphism, p divides | \ ; but, it is clear that 

is a set of representatives for the quotient set 

Tt(Tt)\rQ,y, (Tt(Tt), a, (i?,)) 7.4.33 

and that the nontrivial p-group Nq^^.^ (rt(Tt)) acts freely on this set. This 
completes the proof of the naturality of 6 and therefore the proof of the 
theorem in the case where p-m = . 

In the general case, there is a subfunctor m*°'' : ^ — > O-mod mapping any 
g'-object Q'' on the torsion O-submodule of m{QP) and then we have the 
quotient functor 

m/m*°" : ^ — > O-moT) 7.4.34 

which maps any object on a free O-module; consequently, since we have an 
exact sequence [5, A3. 11. 4] 

e"(S-,m*°') — ^ H"(S^,m) — s- e"(S-,m/m*°') 7.4.35, 

for any n G N , we already may assume that either m = m*°'' or m*°'' = . 
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In the first case we have p^-m = for some ^ S N — {0} and, considering 
the exact sequence [5, A3. 11. 4] 

H"(S-,p-m) H"(S^,m) — s- H"(S-,m/p-m) = {0} 7.4.36, 

for any n € N , it suffices to argue by induction on £ . In the second case, if 
Co is an n-cocycle for n > 1 , we already have proved that 

Co = d„_i(ao) (modp) 7.4.37 

for a suitable (n—l)-cochain qq , so that we have cq — dn-i{ao) = p-ci for a 
suitable n-cocycle ci since we are dealing with free O-modules; thus, induc- 
tively, we can define n-cocycles Ci and {n — l)-cochains ai fulfilling 

Ci = dn-i{ai) (modp) and Ci - dn-i{ai) = p-Ci+i 7.4.38 

and then, according to the completeness of O , it is quite clear that 

co = dn-i{ p'-ai) 7.4.39. 

ieN-{0} 

We are done. 

8 The O-rank of the Grothendieck groups of a folded Frobenius 
P-category 

8.1 As in §3, let P be a finite p-group, a Frobenius P-category and 

autjrsc : cf)*(7'") — > k*-ex 8.1.1 

a functor lifting aul^^o (cf. 2.8); we are ready to determine the O-rank 
of ciutj!r=<:). As in [5, Corollary 14.32] for the determination of the 

C?-rank of Qk{^, aut^s<=) , our argument is an easy consequence of the charac- 
ter decomposition of the functor qjc obtained in §5, and of the following 
vanishing cohomological result which, setting h' = W for any /i € N — {0} , 

involves the quotient category '*(.7^°) and the functor 

ih-HT') 8.1.1 
introduced in 6.7 from the factorization in Proposition 6.5. 
Theorem 8.2 For any h £N — {0} and any n>l we have 



m"{^^{Tn,Tctu^, ot,,) = {0} 



8.2.1. 
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Proof: According to Proposition 6.10, for any n > 1 it suffices to prove that 

we have 

W{^\r),mu,, o (sv X u)) = {0} 8.2.2. 

In order to apply Theorem 7.4, let us consider the full subcategory ^ ^ oi the 
category '^'''ac(^°) of ?7fc'-objects of ac(^^°) [5, 6.2] over the set oi faithful 
indecomposable t/^'-objects, namely over the indecomposable Uh' -objects Qf 
of ac(^''^) (cf 6.24) such that the group homomorphism p: Uh' — s> ^(Q) is 
injective. Note that the indecomposable Uh'-ohjcct (0„g[/ , pY ^ defined 
by the regular action of Uh' on itself, is faithful. 

Moreover, if = ( .^^ Qi)P and R'' = ( 0^.^^ Rj^ are faithful inde- 
composable ^1^' ac{T )-objects then, according to 6.11 and 6.13, the exterior 
intersection of Q = 0ig/ Qi and R = 0j£j Rj in ac(.F") yields 

QnR= 8.2.3 

{ij)eixj (a,Tj)e'rQ,,R^. 

and, for any ^ £ Uh' , p{^) and 0-(^) induce an automorphism of this intersec- 
tion. Thus, they induce a permutation of the disjoint union \_\^- j)^ixj^Qi,Rj 
and if p(^) and cr(^) respectively fix i and j , and (a, T, G iQi,Rj is a fixed 
element, then p(^) and a{^) induce ^-automorphisms Pi(^) of Qi , crj(^) of Rj 
and r(0 of T fulfilfing 

Pi (^) o Q = Q o r (0 and aj (0 o = ^ o r (0 8.2.4. 

In particular, if r(^) is trivial then it follows from Corollary 4.9 that 
Pi{^) and crj(C) are trivial too and therefore we get ^ = 1 ; thus, the exterior 
intersection Q^nR"' in the category ^'•ac(J'") is a direct sum of faithful 
indecomposable Uh' -objects. Consequently, since an indecomposable direct 
summand of a pull-back is also a direct summand of some exterior intersection 
[5, 6.18], the subcategory ac{'^ of ac{J^'"') is closed by direct products and 
pull-backs. 

h' sc I,/ 

On the other hand, it is clear that (J^ ) is a full subcategory of " 
and we claim that the contravariant functor (cf 6.9) 

xih = J^ctu^, o {Sh' X jTft) : " (J""") — > O-mod 8.2.5 

can be extended to a contravariant functor nih ■'^ d ~^ O-mod admitting 
a right-hand sectional functor m'^ . Indeed, for any faithful indecomposable 
ac(.F")-object Q'' = { 0jg/ Qi)'' choose i € / ; it is clear that p induces a 
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group homomorphism pi : Uhi — > J^{Qi) where Uhi denotes the stabilizer of i 
in Uh' , and then we define 

mhiQ") = J'ctu.^ii^^^J^Q^^rHpi) X M5n([/^p,(Q,)^^)),0) 8.2.6 

for the hfting pi{Uhi) C J-{Qi) of Pi{Uhi) chosen in 6.9. 

For any faithful indecomposable ^fc' ac( J""" )-object = {®j^jRjY 
and any ^'^J-morphism (p:RF -> Qp , (p determines a necessarily surjcctive 
f/ft,'-set map f : J ^ I and an J" -morphism ipj : Rj — >■ Qi> , where j G J 
is the chosen element and we set i' = f{j); in particular, it is clear that 
Uhj C Uh., or, equivalently, that hj divides hi' and therefore, denoting by pj 
the restriction to Uh^ of the group homomorphism 

Pi' :Uh„ ^nQi') 8.2.7, 

ifj becomes an {J'"" )-morphism from {RjY^ to {Qi')''^ , so that from [5, Pro- 
position 14.28] we get a Uh^-set bijection 

On the other hand, it is clear that the inclusion Uh^ C Uh-, determines the 
commutative diagram [5, 14.16.3] 

Moiik^ {Uh^JiQi')) "-h:!^ Mon{Uh„^{Q^')) 

I f 8.2.9. 

Uonk>{Uh,,hQi')) ^^^^ Mon{Uh,,,HQi')) 

Similarly, for the chosen lifting aj{Uhj) C J^{Rj) of (Tj{Uhj) , since we 
assume that is an 5^-morphism, a suitable representative (pj of (pj induces 

a group homomorphism from {RjY'^^'^Y to , which defines a 

map 

M^n{Uhv,{RjY'^i^) M^n{Uhv,{Qi'Y^i'^) 8.2.10. 

Then, applying the functor J-ctjjh . and the inclusion J-ctu^ C J-ctu^ . oreSrr ' 

to diagram 8.2.9 and to its bottom map respectively, the bijection 8.2.8 and 
the map 8.2.10 determine an O-module homomorphism 

J-ctu,^ (K^.,^(«^))-'(^.) X M^n{Uh., {RjY'^^^),0) 

reSip^ "I" 8.2.11 

which admits a section pro^_. extending the O- valued functions by zero. 
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Moreover, there is ^ G Uh' such that p(^) maps i' = f{j) on the 
chosen clement i € I and therefore we have hi' = hi and (, induces an 
(J^ )-morphism 

p(Of : iQ^'r'' 8.2.12, 

so that it follows again from [5, Proposition 14.28] that we get a ?7?i.-set 
bijection 

nH,Hp{pm') l\\ 8.2.13 

which clearly does not depend on the choice of ^ . Finally, we consider the 
compositions 

mh{<f) = res^ o nh,hp(piOi) ■ mh{Q^) — > mhiR"^) 

, _i 8.2.14; 
m;;(^) = n^./,P {piOl ) o pro^^ : m^(i?-) mhiQ") 

we claim that the correspondence m/i is the announced contravariant functor 
and that is a right-hand sectional functor of xtih ■ 

Indeed, it is clear that vxh extends xih and that we have 

mh{>f) o mli(f) = idn,^(ij.) 8.2.15; 

further, for any faithful indecomposable ac{J' )-object T'^ = ( 0£gj^ 

and any ^ ^J-morphism tp : T'^ ^ R'^ , as above we have a surjective Uh' -set 
map 5 : i — >■ J , a chosen element ^ in L and, setting j' = g{£) and denoting by 
at the restriction of aj' to Uhf_ , an ''^ (^°° )-morphism Tpi : {TiY^ — >• {Rj'Y^ , 
together with a Uhf-set bijection and a map 

8.2.16 

for the chosen lifting re{Uhe) C J^{T(i) of Te{Uhi) ■ Analogously, we have an 
O-module isomorphism 

res^, T 8.2.17. 
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Moreover, chosing ( e Uh' such that a{Q maps g{£) on j , as above we 
have hji = hj and ( induces an )-isomorphism 

a(C)f : {Rrr^' - {R^r^ 8.2.18, 
and therefore we get a Uhj-sct bijcction (of. Proposition 14'. 27) 

n^,^p(<7(C)5') l\\ 8.2.19. 

Finally, we also consider 

mft(t/i) = res^^ o n,,,,,. (a(C)f ) : m,,(ii") ^ mh(r-) 
= nh,hp{<T{0{y'opvo^^ : m,.(T-) xaniRn 

Consequently, we get 



8.2.20. 



8.2.21 



= n?i,ftp(p(Oi')~^ °Prov, °i^/«,/«p(o-(C)j- °Pro^, 
and in order to prove our claim it suffices to prove that 

n/,,/,p(o-(C)j ) ores^ = res^ oti^ hp(p(C)f/^ ^) 

., _ 8.2.22 
pro^. onh^.hp((T(C)j')"^ = n,,^.hp(p(C)f/^ ^)"^ opro^., 

since it is easily checked that 

res^^ o res^ ., = reS( and pro^^, o pro^^ = PrO(^o^), 8.2.23 

In order to prove equalities 8.2.22 note that, since / is a Uh'-set map, 
maps i" = f{j') on f{j) = i' and we have hi" = hi' — hi ; thus, ( 
induces an (^°°)-isomorphism 

PiOl' ■■ {Qe'Y" = {Q^■)'" 8.2.24 
and denoting by pji the restriction to Uh., of the group homomorphism pj// , 
the '^'^-morphism (p:R'^^QP forces the following commutative ''^^-diagram 

l\ l\ 8.2.25; 

{RyY^ % {Qi„P' 
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hence, we get the commutative ^''^ H-diagram 

;|| ill 8.2.26. 

On the other hand, the natural map 6he,hj in [5, Proposition 14.28] appUed 
to the (J''°)-morphism (fij> : {RjiY^' — >■ {Qi"Yi' yields the following com- 
mutative '^''j H-diagram 

i i 8.2.27 

where pi is the restriction of the group homomorphism pj// to Uhi_ ■ 
Similarly, from the commutative (Sr-diagram 

l\\ l\\ 8.2.28 

we get the commutative diagram 

M^n{Uh.,{RjY^^^) M^n{Uh.,{Qi'Y'^''^) 

l\\ l\\ 8.2.29. 

M5n(i7^p,(i?,v)"^'(%')) M^n{UhP,{Qi"y'"^'"^) 

At this point, considering the direct product of this diagram with the square 
diagram obtained by "composing" diagrams 8.2.26 and 8.2.27, and applying 
the functor Tctuh- : the equalities 8.2.22 follow easily, proving our claim. 
Hence, it follows from Theorem 7.4 that, for any n > 1 , we have 

H"('''5,m/,) = {0} 8.2.30. 

If /i' = 1 then = ^(^°) = J^" and we are done. Otherwise, we 

consider the full subcategory ^ £ of over the faithful indecomposable 



ac 



(J^ )-objccts QP = (®j£/(5i) such that |/| > 1 , namely over all the 



^ 5^-objects which are not (^'^)-objects; note that there is no ^ ^-morphism 
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from an (^")-object to an '''^-object. Denoting by I/j — >^ 0-moO the 
restriction of m/j to (£ , it is quite clear that Theorem 7.4 apphes again to 
(£ and , so that for any n > 1 we get 

ir{^'(S,lh) = {0} 8.2.31. 



8.2.32; 



Recall that, denoting by A the simplicial 2-category [5, A1.7], the co- 

homology groups H"('^'5,mft), H"('^'€,(^) and H"('''(^"), n^) arc nothing 
but the homology groups of the respective evident functors Cm^ , and Cn^ 
from A to O-moD , mapping A„ on [5, A3. 8] 

qe5ct(A„,'»'3') 

c"('''e,i/.)= n M^i^)) 

qeS-ct(A„,'»'e) 

c"(V°),n.)= n Mm) 

qeS-ct(A„,'''(.F'"=)) 

then, the inclusion {J^'") C 5^ clearly determines a surjective natural map 

f^h '■ Cm^ > Cn^ 8.2.33, 

so that we obtain a fourth functor 

:^u{fj,h) ■■ A — > O-moi) 8.2.34 

Moreover, since there is no ^ 5^-morphism from an (.F°°)-object to any 
^-object, we have an C-module isomorphism 

{Mx{pih)) (A„) = n "^h (q(0)) 8.2.35, 
q 

where q runs over the set E'^ of functors from A„ to such that 
q(0) is a '' C-object and therefore the inclusion ^' <E c. ^'d also determines a 
surjective natural map 

A,, : Rcvifih) ct, 8.2.36. 

But on the one hand, we already know that IHI„(cm;,) = {0} = lHI„(c[^) for 
any n > 1 (cf. equalities 8.2.30 and 8.2.31) and on the other hand, setting 

H_„(c„J = H_„(c„,J = m_n{Atv{nh)) = {0} 8.2.37 
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for any n > 0, there is a 1-graded connecting homomorphism [5, A3. 3. 4] 

(5:0H„(c„J ^0H„(ilet:(M?.)) 8.2.38 

such that we have the following exact triangle [5, A3. 3. 5] 

enezH„(^^) \ 8.2.39. 

Consequently, in order to prove that IHI„(cn^) = {0} for any n > 1 , it suf- 
fices to show that BI„(A/j) is injective. Actually, since the functors Sh' and fh 

factorizc throughout the exterior quotient '"'(.F ) of ) [5, Remark 14.29], 
it is easily checked that the contravariant functors n^, , vXh and l^, respectively 
determine contravariant functors 

nh ■■ ''(-^"' ) — ^O-moi) 

8.2.40, 

rhh-.'^'S — > O-moD and k:^'^ — > O-moD 

where '^'^ and denote the corresponding exterior quotients [5, 6.3]. Co- 
herently, we get the corresponding functors c^^ , c^^ and cj^ (cf. 8.2.32), and 
the corresponding natural maps (cf. 8.2.33 and 8.2.36) 

fih ■■ Cm^ — > Cfl^ and Xh : ^tt{fih) — > Cj^ 8.2.41. 

Then, it follows from equality 7.3.2 that, for any n > 1 , it suffices to 
prove that M.n{Xh) is injective. First of all note that, up to isomorphisms, 
any ^'5'-object has the canonical form Qp = {®^(=u^,/uQi)'^ ^'^^ ^ suitable 

subgroup U of Uh' , and, denoting by i^' — > d the inclusion functor, 
we claim that we have a functor and a natural map 

ih' ■■ ^'d ^ £ and ih' ■■ ih' o h > 8.2.42 

which respectively map on the ac(^ )-object formed by 

Q = ®ieu,,Qi 8-2-43 

and by the group homomorphism p:Uh' ^'d{Q) defined by the regular ac- 
tion of Uh' on itself, together with the T -isomorphisms from the ^-summand 
to the ^'-summand induced by p{^'^~^) , and on the '''S^-morphism 

{ih')Qp -.Q^^Q" 8.2.44 

defined by the canonical map Uh' — >■ Uh' /U and by the identity automorphism 
of for any ^ e Uh ■ 
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Indeed, if i?'^ = ( ^^^u^i/v another '''S^-object, an '*'5-niorphism 

from R'^ to QP forces the inclusion V CU and admits a canonical representa- 
tive formed by the canonical map Uh' /V Uh' /U and by an F -morphism 
(p^:R^ for any ^ e Uh' /V ; then, the functor ih' above maps this 

'''^-morphism on the €-morphism 

= ^Q'= {eieu,,Q^y 8.2.45 

admitting a representative formed by the identity map of Uh' and by the 
-morphism : i?| — > for any ^ G Uh' '■ it is quite clear that this cor- 
respondence preserves the composition of '''^^-morphisms and is compatible 
with the '''S^-morphisms 8.2.44. 

Secondly, wc consider the contravariant functor xhh o ih' ° ^h' = 'ft ° ^h' 
which, as above, determines a functor 

C7 - : A — > O-moi) 8.2.46 

mapping A„ on 

C^{'^'d,koih')= n ^h(ih'{m)) 8.2.47, 

qeS-ct(A„,'''5^) 

and then we get a natural map k^^, : — >■ C]^oe^, sending A„ to the ©-mo- 
dule homomorphism 

{i^c,,)n- n m4q(0)) ^ n '^h{th'im)) 8.2.48 

qeS^ct(A„,'''3') qe3^ct(A„,'''3^) 

mapping m = (mg) ~ on (mr - -) ~ . Note that if m 

belongs to the kernel Ker((Aft)A„) (cf. 8.2.41) then, for any q G 5'ct(A„, , 
we have mq = and therefore we get {Ki^,)n{m) = . Moreover, according to 
the very definition of rfi/j (cf. 8.2.14 and 8.2.40), the natural map (cf. 8.2.42) 

rhft * Eh' ■■ mh — > ~lh o ih' 8.2.49 
determines a natural isomorphism 

i^i^, '■ Cftu = C7 ~ 8.2.50 
sending A„ to the O-module isomorphism 

(«.V)- tn4q(0))^ II mh(ih'im)) 8.2.51 

qeS^ct(A„,'''S^) qG3-ct(A„,'''S^) 



mapping m = (™q)-gj^^(^^ on (^(m4(£^0q(o))) (m,) 



qe5ct(A„,'''3^) 
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At this point, for any n > 1 , following the notation introduced in 
[5, Lemma A4.2], we consider the O-module homomorphism 

hn-i : Cft^ (A„) — ^ cj^^-^, (A„_i) 8.2.52 
mapping m = ^ ^mni^n) on 

n-l 

/i„_i(m) = f V(-l)'m.n-i.- ~ 8.2.53 

1=0 

Then, respectively denoting by dn and d„ the differential maps for the 
functors c^^ and \oi^, A3. 2], we claim that 

{K.e^,)n{m) - {Ki^,)n{m) = (rf„_i o + /i„ o d„)(m) 8.2.54. 

Indeed, setting 9 = mh (e„.(q(0.1))) , for any q G ^ci{An,^''S) we have 



d„_i(/in-i(m))^ = ^(-l)M„_i((r 

n 

^ '^"'"'f)r'(^v*(qo<5r'))'' 



i=0 

n — 1 n 



8.2.55 



i=0 j=l 

where t runs over S^ct(A„_i, '''3') ; analogously, we still have 



n n+1 



8.2.56 



i=0 i=l 

where t runs over i?ct(A„+i, '''i?) . But from [5, Lemma A4.2] we know that 
f)?+i(£V * q) o 5r+i = h7{eh' * q) ° S^_^, 



hn-U^ ^ f?, r, Ar^-i\\ ( ^?+liSh' *^)oS^ iij<i 



8.2.57. 



Consequently, in equality 8.2.56 the terms where j = i and j = i + 1 cancel 
with each other for any 1 < j < n ; moreover, the term in equality 8.2.55 
cancel either with the term (i + 1, j) if 1 < j < i < n — 1 , or with the 
term {i,j + l)iiO<i<j<n in equality 8.2.56. Finally, the term (i, 0) 
in equality 8.2.52 cancel with the term {i + 1,0) in equality 8.2.56 for any 
< I < n — 1 , whereas the terms (0, 0) and (n, n + 1) respectively coincide 
with (ke^, )„(m) and — (kc^, )„(to) , which proves the claim. 



70 



In conclusion, if m G Ker(d„) lifts an element of H„(A„) then we may 
assume that m belongs to Ker((A;j)A„) , so that we get (kj^, )n{fn) = , and 
therefore it follows from isomorphism 8.2.50 and from equality 8.2.54 that 

(«£^,)n(m) = dn-i{hn-i{m)) 

= dn-l (^{{Kg^, )n-l O )n-l) O K-l) (m)) §.2.58 

= )n O dn-l) )n-l) ^ ° /l„_i) (w) j 

which proves that m belongs to Im(d„_i) . We are done. 

8.3 Let us say that a cf)*(J^°°)-object (q,A„) is regular if q{i — 
is not an isomorphism for any 1 < i < n [5, A5.2]; note that there is a 
canonical bijection between a set of representatives for the set of isomorphism 
classes of regular cf)*(J^ )-objects and a set of representatives for the set of 
J^-isomorphism classes of nonempty sets of J^-selfcentralizing subgroups of P, 
which are totally ordered by the inclusion. 

CorollEiry 8.4 With the notation above, we have 

ranko(e?K;(^,^t^-)) = ^ {-lTra,nko(g!c{jC{q))) 8.4.1 

(q,A„) 

where (q, A„) runs over a set of representatives for the set of isomorphism 
classes of regular ci)* )-objects. 

Proof: It follows from the decomposition 5.12.3 and from Proposition 6.5 
that we have 

^g^{J^,mt^.^)^ H M°C{y'),>^mu,,oih) 8.4.2 

heN-{0} 

where we set h' — h^ . On the other hand, it is more or less well-known that 
the cohomology groups over functors to /C-mod coincide with the correspond- 
ing cohomology groups computed from the regular chains; more; precisely, in 
our situation let us denote by '^Hh the extension of = ^ctu^, ° ih from O 
to K, for any ft € N — {0} ; then, it follows from Propositions A4.13 and A5.7 
in [5] that, with the notation there, for any n e N we have 

= m{^l,'^nh) = K{^°).^^h) 8.4.3. 
In particular, it follows from Theorem 8.2 that for any n > 1 we get 



h;'(''(^-),V) = {0} 



8.4.4 
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which amounts to saying that we have an infinite exact sequence 

m°{\r''),'^nh) — ^ . . . — ^ C" C"+i — ^ . . . 8.4.5 
where C" = C"(''(J^^°), '^n/() is the set of elements (cf. Proposition 6.4) 

(X~J~ . G TT '^nh(q~^(0)) 8.4.6 

q*)e3^ct,(A„,''(.F=<=)) 

such that, for any natural isomorphism v : = i:^ between regular '^{J-^'')-va- 
lued n-chains q** and , '^nhi^'o) maps on x~rj ■ That is to say, since 
we have a bijection between the sets of isomorphism classes of ''{J^"'')- and 
''(J-"^°)-objects, we actually have 

C^CXF"), V) =ll'^J=-ctu,, {t^,{qHO))Y^'^' 8.4.7 

where runs over a set of representatives for the set of isomorphism classes 
in S^ctr(A„, (^°)) [5, A5.3] and then J^{q)fj denotes the stabilizer of f] 
in J"(q). 

On the other hand, it is clear that for n big enough there arc no regular 

''{T'") -valued n-chains and therefore, in the exact sequence above only finitely 
many terms are not zero; thus, we still get 



dim;c(H°('xF"),'=n„ 



= (-l)"dimx;('=Jcta„(t4q''(0))) 

(q^An) ^ ^ 

where (q**, A„) runs over a set of representatives for the set of isomorphism 
classes of regular cf)* ('\j''^))-objects [5, A5.3]. Consequently, since the func- 
tor TO/i in Proposition 5.8 maps the A;*-i£oc-morphism 

: (£(q),Ker(^,)) (£(q(0)), Z(q(0))) 8.4.9, 

which lifts the corresponding iiloc-morphism 6.3.4, on a Uh'-set bijection 
(cf. 5.8.2) 

(^ft,£(q(0)))"'(^ °V) = 8.4.10, 
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where, for short, we write £(q(0)) and £(q) instead of ^£(q(0)), Z(q(0))^ 

and ('C(q), Ker(7rq)) , it follows from equality 8.4.2 and from Propositions 6.4 
and 6.5 that we actually have 

ranko {Qk{J^, auip"^ )) 

where h runs over N — {0} and (r?, q, A„) over a set of representatives for the 
isomorphism classes of [c[)*(J^ )-obiects such that (q, A„) is regular. 

On the other hand, for any c(^*(J^ ' ^-object (q, A„) , it follows from iso- 
morphism 5.4.3 that 

hen-{0} V 

/ieN-{0} r7eMon(!7h,£(q)) 

= ''^K(£(q)) 

where f] runs over a set of representatives for the orbits of £(q) on the set 
Mon((7ft,,£(q)) . We are done. 



9 General decomposition maps in a folded Frobenius P-category 

9.1 With the notation of §8, let us choose a set of representatives 
■p C P for the set of J^-isomorphism classes of the elements of P in such 
a way that, for any ?i G "P , the subgroup (m) is fully centralized in F 
[5, Proposition 2.7]. For any u € P , we have the Frobenius Cp (M)-category 
Cjr{u) [5, Proposition 2.16] and we know that the inclusion t„ •.Cp{u) P 
is (Cjf(m), J^)-functorial [5, 12.1]; since a Cjr(?i)-selfcentralizing subgroup 
of Cp{u) contains m, it is also an J^-selfcentralizing subgroup of P ; co- 
herently, we write C_p=<=(u) instead of Cj^{u)"' and, according to 4.9 above, 
we have the O-module homomorphism 

R.es,„ : Gk.{T, ouijr-) — y Gk{Cj^{u), mic^du)) 9.1.1. 

9.2 Following Broue [2, Appendice], for any finite group G and any 
central p-element 2; of G , we consider the z-twist 

uj^Q ■ g^{G) ^ GKiG) 9.2.1 

determined by the z -translation map in the £>-valued functions Jvt{G, O) 
induced by the multiplication by z ; explicitly, if x is an irreducible ordinary 
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character of G , the z -translated function maps a; G G on xi^^) and therefore 
it coincides with ^^-X which still belongs to the image of Qk{G) ; actu- 
ally,this definition can be easily extended to the finite fc*-groupes [4, Propo- 
sition 5.15]. Thus, for any u G V and any C_7rs<= (u)-chain q : A„ — > C^s<=(tt) 
we can consider the u-twist 

< : (tocc^.o (u) (q)) = GKii^Cc^.. („) (q)) 9.2.2; 

then, it is clear that we get a natural automorphism 

w" : 0k; o tocc^,, (j,) = qk o locc^,, („) 9.2.3 

and therefore an O-module automorphism 

Finally, we can define the u-general decomposition map 

^r^.SITvc ) ^^(•^' ) ('^■^(")' ^tc,- («)) 

as the composition 9, „ , , .of2"oRes, (cf. 3.4.2). 

^ (C^('u),autc^^^ („)) ^ 

Theorem 9.3 The family of general decomposition maps {^^— ^ ^}uev 
determines a JC-module isomorphism 

'^GKiJ', ^t^- ) = '^^fe (C^u), cSrtc^3c („)) 9.3.1. 

Proof: According to decomposition 5.12.3, to Proposition 6.5 and to iso- 
morphism 6.10.3, setting h' = for any /i e N — {0} , we have an injective 
O-module homomorphism 

gK{F,mi:p'^)^ n \{Fctu^,{{Bh'XU){Q'''),1C) 9.3.2 
/ieN-{0} Qp' 

where runs over a set of representatives for the set of ^ )-isomorphism 
classes of ^ ( J- )-objccts; thus, in order to prove the injcctivity of the map 
determined by the family of general decomposition maps, it suffices to prove 
that, for any X e Qic{J^, aut^rsc) in the kernel of this map, any /i € N — {0} 

and any '''(.F°'')-object Q''' , for the chosen lifting p'{Uh>) to J^{Q) of p'iJJh') 
(cf. 6.9) the corresponding projection 

Xx,KQp' ■■ K'.AO))"'^''') M5n(f/fep, Q^'^^)) K, 9.3.3 
is the zero function, namely that Xx h op' vanish over {vj )~^{p') x {p"} 

for any injective group homomorphism p" : Uhp — >■ Q'''^^'^'^ . 
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Setting u = p"{^h'>), we may assume that u belongs to V and then 
we are actually assuming that 9" . — . (X) = 0; consider the subgroup 

(J-',aut^sc ) 

Cq{u) which is clearly selfcentralizing in Q and, for a suitable n £ N and 
any i G A„_i , set i?„ = Cq{u) and Ri ~ NglRi^i) in such a way that 

i?o = Q ; it is clear that the lifting a G p'{Uh') of p'{£,h') stabilizes the family 
{^i}iGA„ and then it follows from Lemma 9.4 below that there are a family 
{Qi}ieA„ of J^-selfcentralizing subgroups of P such that Qo = Q , a family 
of J^-morphisms Oi'.Qi — t- P, where i runs over A„_i , such that 0i{Qi) 
normalizes Qi+i , and a family of p'-elements 

ai e T{d,{Q,)-Q,+i) 9.3.4, 

where i runs over A„_i , stabilizing 9i{Qi) and Qi+i , in such a way that 
the action of cTj over Qi defined via 6i coincides with cr if i = or with the 
action of Ci-i otherwise, and that, setting Tj^o = Ri for any i G A„ and then 
Tij+i = Oj{Tij) for any j < i , we have Qi = Ti^i-CQ.{Ti^i) for any « G A„ . 
In particular, for any i G A„_i , respectively denoting by 

and f{ei{QiyQi+i)Q^^^ 9.3.5, 

the stabilizers of 9i{Qi) and Qi+i in P{Oi{Qi)-Qi+i) , wc already know that 
the restriction via 9i and the ordinary restriction respectively induce group 
homomorphisms 

. 9.3.6 

A :.F(0i(gi)-Qi+i)Q,^, ^-^(Qi+i) 

such that their kernels are p-groups [5, Corollary 4.7]; hence, arguing by 
induction, the order of a coincides with the order of ai for any i G A„_i , 
and therefore we have an injective group homomorphism 

p'r-Uh' ^^{0iiQiyQi+i) 9.3.7 
mapping ^ft,/ on CTj , so that we get 

,_rA-iop^_i ifi^o 



a.op^ = |-^ 9.3.8. 

That is to say, setting ?7q = p' and r7^_|_j = Pi ° Pi for any i G A„_i , and 

considering the (J'")-objects {QiY^^ and {Oi{Qi)-Qi+iy'\ the homomor- 
phism and the inclusion map Qi+i di{Qi)-Qi+i respectively determine 
^ (.F"')-morphisms 

(Oi)"' iei{Qi)-Qi+iY'' ^ (Qi+O^'+i 9.3.9 
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and therefore, for any i G A„_i , we get the Uh'-set bijections (cf. 6.8.2) 



Analogously, we set uq = u and inductively define Wj+i = 6i{ui) for any 
i e A„_i , which determines injective group homomorphisms 

9.3.11 

p'l : Un. {ei{QiyQ^+lY'^^''"^ 

for the corresponding chosen liftings r][{Uh') and p^{Uh') (cf. 6.9). 

A/[orc precisely, the functor Sh' x y/j maps the (.A ° )-morphisms 9.3.9 
above on Uh'Sei maps (cf. 6.8 and 6.9) 

t_ 

K',Aq.+i))"'^''^+i^ ^ MSn([/^., (Oi+i)<+'^''')) 

which send the /C- valued function % , , > xp' to the /C- valued func- 
tions Y , and v „' , and the functor ^T'ctn^, actually deter- 

mines the /C-module isomorphisms 

i\\ 

^11 

Jctc/„((n7^,^(Q.^^))-i(r,^+i)x{C+J,/C) 



In conclusion, Xx h Qp' vanish over {w |., J ^(p') x {p"} if and only if 

Finally, since T„^o = C'q(^) s-nd (5„ = T„,„-Cq„ (r„.„) , the element 
u„ belongs to Z{Qn); but, since (u) is fully centralized in , there is an 
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^-morphism 9n : Cp{un) P fulfilling 6n{un) =u[5, Proposition 2.7]; then, 
it is easily checked that Qn+i — On{Qn) is a Cjr(u)-selfcentralizing subgroup 
of Cp(u) and therefore, denoting by 

n'n+i = '"^^ : Uh' C^{0n{Qn)) 9.3.14 

the corresponding action of Uh' on the group Qn+i , we have the Cj^sc (M)-ob- 

ject {Qn+i)^"+^ and, denoting by 5)J, and y)^ the functors defined in 6.8 and 6.9 
for the Frobenius Cp (u)-category Cj^{u) , the corresponding projection map 

Gk{CAu), mic^..(u)) '^dciu,, {{si X y5:)((0„+i)''"+i)) 9.3.15, 
sends ReSt„(X) to following the Uh'-set map Xh=X^ ^ ,^ y 

{^h',ic.(umQ„+,))-\vUi) X M^n(i7^p, (g^+O^^+if^"')) ^ IC 9.3.16. 

Moreover, the element u = determines an injective group homo- 

morphism 

Vn+l ■■ UhP ^ (gn+O^^+if^"') 9.3.17 

and the condition 9"^ ^(X) = clearly implies that the /C- valued func- 
tion Xh vanish over the Uh' -set 

{^h',{C.{umQn+^))~Hv'n+l) ^ Wn+l} ^-^'IS. 

But, from the inclusion functor C^(it) — > J- and from the isomorphism 
Qn+i = Qn determined by 6n , we get an injective A;*-group homomorphism 

{C^{u)) {Qn+i) hQn) 9.3.19 
inducing a Uh'-set bijection [5, Proposition 14.18] 

(^v,(c^(«))(Q„+i))"^('7Ui) - (^?i',i-(Q„))"^('^") ^-^-^^ 

and it is clear that the above isomorphism sends rj[[_^-y to r]'^ . At last, it is 
easily checked that the corresponding C/ft,/-set bijection 

{^h',(C^(u))(Q^+,))-\r^'n+l) X {€+1} = K.,^(Q„))"'('?n) >< Wn} 9-3.21 

sends the restriction of Xx h {Q y'n restriction of Xh y that Xx h Qp' 

vanish over [uj jl )~^{p') x {p"} , proving the injectivity in 9.3.1. 
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At this point, it suffices to prove that both members of isomorphism 
9.3.1 have the same dimension, namely that the following equality holds 

ranko [QiciJ^, outj^- )) = X] ^^"^^o (Gk {Cj^{u), mic^sc («))) 9.3.22; 

we already know that wc have (cf. Corollary 8.4) 

ranko(a^(^,^irt^=c)) = ^ (-l)"ranko(e;c(>C(q))) 9.3.23 

(q,A„) 

where (q, A„) runs over a set of representatives for the set of .F-isomorphism 
classes of cf)*(J"°'')- objects [5, A5.3] which are fully normalized in F [5, 2.18]. 
But, denoting by Pq a set of representatives for the set of iVjr(q)-isomorphism 
classes of elements of A''p(q) in such a way that, for any u G "Pq , the subgroup 
{u) is fully centralized in Nj^{q) , and identifying Np{q) with its structural 
image in £(q) , it easily follows from [5, Proposition 19.5] that Njr(q) coincides 
with the Frobenius category associated with £(q) [5, 1.8] and then, it is well- 
known that we have (cf. isomorphism 1.6.1) 

ranko(eK(£(q))) = ^ ranko(afe(Q(^)(u))) 9.3.24. 



On the other hand, for any u gV , we also have [5, Corollary 14.32] 




9.3.25 

where (q„, A„) runs over a set of representatives for the set of C^(u)-isomor- 
phism classes of cf)* (Cjrs'^ (?i)) -objects [5, A5.3] which are fully normalized 
in Cjr{u) [5, 2.18] and (C^(u))(q„) is the converse image of (C^(u))(q„) 
in J"(q„) . 

Consequently, the left-hand member in 9.3.22 is equal to 

^ ^(-l)"ranko(afe(Q(<,)(w))) 9.3.26 

(q,A„) «ePq 

where (q, A„) runs over a set of representatives for the set of J^-isomorphism 
classes of cl)*(J''^)-objects which are fully normalized in T [5, 2.18], whereas 
the right-hand member is equal to 

^ (-l)"ranko(efc((C^(u))(q„))) 9.3.27 

where, for any u &V , (q„, A„) runs over a set of representatives for the set of 
C^(M)-isomorphism classes of cf)* (C^sc (u)) -objects which are fully normal- 
ized in Cj^{u) [5, 2.18]. But, it is clear that the element u belongs to Z(q„(n)) 
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and then it is easily checked that (Cj^(u))(q„) coincides with the stabilizer 
of u in ^(q„) , so that we have 

Gk({C^{u)){q^)^ ^gk{C^(^Ju)) 9.3.28. 

Moreover, if (q, A„) is a cf)* ( J^^" )-object fully normalized in such that all 
the group homomorphisms q(j • i) are inclusion maps then, for any element 
u of Z(q(n)) such that {u) is fully centralized in J", it is quite clear that 
(q, A„) remains a cf)* {Cjr^<= (7i))-object which is fully normalized in Cj^{u) . 
Hence, the sum 9.3.27 above coincides with 

5^(-l)"ranko(afe(^?£(<,)("))) ^.3.29 

(q,A„) ueZ^ 

where (q, A„) runs over a set of representatives for the set of cl}*{T )-isomor- 
phism classes of c()*(J^ )-objects which are fully normalized in and, for 
such a c[)*(J"°'')-object (q, A„) , Zq is a set of representatives for the set of 
orbits of J-"(q) in Z(q(n)) . Finally, we may assume that Vq contains and 
then equality 9.3.22 above is equivalent to the following one 

0= E E (-l)"ranko(a,(C^(,)(u))) 9.3.30 

(q,A„) uer^-z^ 

where (q, A„) runs over a set of representatives for the set of cf)*(J^°)-isomor- 
phism classes of cf)* {J- )-objects which arc fully normalized in J- . 

Since any cf)*(7'")-object is cf)*(J^"^)-isomorphic to one which is fully 
normalized in T , actually we are considering a set of representatives C for 
the set of isomorphism classes of pairs formed by a ci)*{T )-object (q, A„) 
such that all the group homomorphisms q(j • i) are inclusions, and an ele- 
ment u £ P which normalizes but does not centralize q . Thus, it suffices to 
exhibit an involutive permutation t of C such that, setting 

t((q,A„),u) = ((q',A„0,w') 9.3.31 

and assuming that (q, A„) and (q', A^) are both fully normalized in J", we 
have 

efc(C£(q,)(w')) =&fe(<^£(q)W) and n'#n (mod 2) 9.3.32. 

First of all. wo consider the set C of pairs ((q, A„). u) G C such that u does 
not belong to q(0) ; in this case, let i be the last element of A„ such that u 
does not belong to q{i) . If i = n or q{i)-{u) ^ q(z + 1) then we set n' = n + 1 
and consider the functor q' : A„/ mapping any < £ < i on q{£) , 

z + 1 on q{i)-{u) , any i + 2 < £ < n' on q{£ — 1) , and all the A„'-morphisms 
on the corresponding inclusions. 
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In this case, up to replacing the cf)*(^°°)-object (q', A„/) by a cf)*(J^°)- 
isomorphic one fully normalized in J", we get the cf)*(J'°°)-niorphisni 

(i.,(5r+i):(q',A„0^(q,A„) 9.3.33 

for a suitable natural isomorphism v.q'o (5!^! — q , and thus we still get the 
fc*-i£o c-morphism 

[Tc^^o (i., <5r+i) : C{q') — > £(q) 9.3.34. 
Moreover, since we have [5, 14.8] 

(aui^sc (t/, (^(q')) = .F(q),,(i+i) 9.3.35 

where ^(q)q/(i_|_i) denotes the set of a € ^(q) fulfilling 

which clearly contains the image of the stabilizer ^(q)u of u in J^{q) , a 
suitable representative of the exomorphism [oc^sc {u, induces a fc*-group 
isomorphism 

where we are setting u' — {i'o)^^{u) . 

If i + 1 < n and q{i)-{u) = q(i+ 1) , we set n' = n — 1 and consider a chain 
q' : An' -> mapping any < ^ < i on q(^) , any i + 1 < £ < n' on q(^ + 1) 
and, as before, all the A„/-inorphisms on the corresponding inclusions. In this 
case, up to replacing the c[)*(J""^)-object (q', A„') by a c()*(J^"')-isomorphic 
one fully normalized in J^, we get the cf)*(J^'^'')-morphism 

(z.',(5r;i):(q,A„)^(q',A„0 9.3.38 

for a suitable natural isomorphism u' -.qo S^l^ = q' , and thus we still get the 
A;*-i£oc-morphism 

[Tc^sc 5fi,) : C{q) £(q') 9.3.39. 
Moreover, since we have [5, 14.8] 

{autj...{,,',S^i,)) (.F(q)) = 9.3.40 

where as above ^(q')q(i+i) denotes the set of ct e J^{q') fulfilling 

^qtor^oaoG.F(q(* + l))o4+^) 9.3.41, 
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which clearly contains the image of the stabilizer T{(\')u of u in ^(q') , a 
suitable representative of the fc*-iiloc-morphism [oc^sc (i/', ^T^^) induces a 
A;*-group isomorphism 

Cti,)i^)=Cti^,){u') 9.3.42 

where we are setting u' = Vq{u) . Finally, since in both cases q'(0) = q(0) , 
we may assume that the pair ((q',A„/),u) still belongs to C and, defining 
t((q, A„),u) = ((q', A„/),u) , mutatis mutandis it is easily checked that 

i ((q', A„0, u) = ((q, A„), u) 9.3.43. 

From now on, we consider the set C" of pairs ((q, A„), u) € C such that 
u belongs to q(0) ; note that the product 

i?' = C,(o)(M)-[q(n),Cq(o)(M)] 9.3.44 

is a normal subgroup of q(n) and therefore it follows from [5, Proposition 2.7] 
that, up to replacing the pair ((q, A„), it) by its image throughout a suitable 
^-morphism ip:q{n) P , we may assume that R' is fully normalized and 
fully centralized in T; then, Q' = R'-Cp{R') is J^-selfcentralizing [5, 4.10]. 
Since we may assume that Q' ^ {1} , setting q(— 1) = {1} , let i be the last 
element in A„ U {—1} such that Q' ^ q(i) , so that we have q(i) ^ Q'-c\{i) . 
If I = n or Q'-q{i) ^ q(i + 1) then we set n' = n + 1 and consider the 
J^"-chain q' : A„/ — >■ P"" mapping any < £ < i on q(£) , z + 1 on (5'-q(i) , 
any i + 2 < I < n'onq(^ — 1) and all the A„'-morphisms on the corresponding 
inclusions. 

As above, up to replacing the cf)*(J-' ^ )-object (q', A„/) by a c[)*(J^'^°)-iso- 
morphic one fully normalized in J^, we get the c()*(J-' )-morphism 

(z.,<5r+i):(q',A„0^(q,A„) 9.3.45 
for a suitable natural isomorphism v.q'o Sf^i = q , and thus we still get the 
A;*-i£oc-morphism 

fTc^sc (I., ^JYi) : £(q') £(q) 9.3.46. 
Moreover, as above we have [5, 14.8] 

(aut^sc {u, (jr(q')) = J'{q)Q'.,ii) 9.3.47 
where .?'(q)Q'.q(i) denotes the set of cr e J^{c\) fulfilling 

^o;^'^°^oe7-(Q'.q(i))o?J3;-;W 9.3.48; 

actually, we may assume that J'p(q) contains a Sylow p-subgroup of T{q)u 
and then, denoting by C'jr(q)^ (i?') the kernel of the action of J^(q) u on R' , 
J-Q'(q) is a Sylow p-subgroup of the product J'Q' iq)-Cj^(^q)^(R' ) ; thus, by the 
Frattini argument we get 

J-(q)„ C C^(q)„(i?')-J^(q)Q'.q(i) 9.3.49. 
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On the other hand, since we have Cq(o)(ii') C R' , a, p'-subgroup of ^(q)^ 
which acts trivially on R' is necessarily trivial [3, Ch. 5, Theorem 3.4], so 
that Cjri^c^)^{R') is a p-group. Consequently, setting u' — {vq)~^(u), the 

A;*-i£oc-morphism {ozj^'":{v,5^j^i) induces a group isomorphism 

Finally, if i + 1 < n and Q' -([{i) — q(i + 1) , we set n' = n — 1 and 
consider the -chain q' : A„' — J^" mapping any < £ < i on q(£) , any 
i + 1 < I < n'onq(^+l) and, as before, all the A„/-morphisms on the 
corresponding inclusions. Once again, up to replacing the )-object 
(q',A„') by a t\)*(T )-isomorphic one jully normalized in J^, we get the 
c()* {J^° )-morphism 

(i.',<5r+i):(q,A„)^(q',A„0 9.3.51 

for a suitable natural isomorphism :(]o d"_^_i = q' , and thus we still get the 
A;*-iilo c-morphism 

[Tc^sc (z.', S^i,) : £(q) £(q') 9.3.52; 
as above, we have [5, 14.8] 

(aut^sc {u', S^i,)) (jr(q)) = J-(q')Q'.qW 9.3.53 
where .?'(q')Q' q(i) denotes the set of ct e J^{(\') fulfilling 

^o)'*'^ ° ('^o)-^ o ao e 7-(Q'-q(i)) o l^/'^ o (uo)-' 9.3.54. 

Moreover, setting u' = i'o{u) , we may assume that J^p(q') contains a 
Sylow p-subgroup of T{q')u' and then, denoting by C^(q')^, {R') the kernel 
of the action of J^(q')„' on R' via the group isomorphism i^'^, : q(n) ~ c{'{n') , 
•^</(<3')(l') is ^ Sylow p-subgroup of the product J'i.^,(Q/)(q')-Cjr(q/)^, (i?') ; 
once again, by the Frattini argument we get 

7-(q')„' C C^(,,)^, (ii')-^(q')Q'.qW 9.3.55. 

On the other hand, since we have Cq(o)(-R') C i?' , a p'-subgroup of .F(q')„' 
which acts trivially on R' is necessarily trivial [3, Ch. 5, Theorem 3.4], so that 
C^(q/)^, {R') is ap-group. Consequently, the fc*-i£oc-morphism locjr": {u, 5f^i) 
induces a group isomorphism 

efc(Q(c')("'))=e4Q(,)(«)) 9.3.56. 

Since u belongs to R' , in both cases u belongs to q'(0) and we may 
assume that the pair ((q',A„/),u) still belongs to C"; in this situation, we 
define f((q, A„),u) = ((q', A„/),u) and claim that 

i ((q', A„/), u) = ((q, A„), u) 9.3.57. 
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Indeed, set t((q', A„/), u) = ((q", A„//),u) ; if q'(n') = q(n) then mutatis 
mutandis we consider 

R" = Cq,(o)(u)-[q'(n'),Cq'(o)(w)] 9.3.58; 

since Cc,(o)(w) C i?' C Q' , we also have Cq/(o)('u) — Cc|(o)(^^) and therefore 
we get 

R" = R' and Q" = R"-Cp{R") = Q' 9.3.59; 

moreover, once again setting q'(— 1) = {!}, i is also the last element in 
A„' U { — 1} such that Q' is not contained in q'(i) = q(i) ; in this situation, 
the product Q'-q'{i) is different from q'(n') = q(n) and equality 9.3.57 is 

easily checked. 

If c\'{n') 7^ q{n) then we have cither q'(n') = Q'-q{n) or 

q(n) = 0'-q(n - 1) and q'(n') = q(n - 1) 9.3.60; 

note that in both cases wc have q'(0) = q(0) ; in the first case, wc have 
q'(n') = Cp{R')-q{n) and, since R' contains Cq(o)(w) = C'q'(o)(w) , we get 

[q'(n),Cq,(o)(u)] = [q(n),Cq(o)(«)] 9.3.61; 

consequently, equalities 9.3.59 still hold and therefore equality 9.3.57 is easily 
checked; in the second case, since [q(ri), Cq(o)(^*)] is contained in the Frattini 
subgroup of q(n) , we similarly obtain 

q(n) = Cp{R')-C,^o){u)-q{n - 1) = Cp{R')-q'{n') 9.3.62; 

once again, we get 

[q(n),Cq(0)W] = [q'(n),Cq,(o)(u)] 9.3.63, 
equalities 9.3.59 still hold and equality 9.3.57 is easily checked. We are done. 

Lemma 9.4 Let Q be an T -self centralizing subgroup of P and {i?j}igA„ 
a family of self centralizing subgroups of Q such that Rq = Q and Ri+i < Ri 
for any i £ A„_i . Then, for any p' -elem,ent a in T{Q) stabilizing this family, 
there are a family {(5i}ieA„ of T -self centralizing subgroups of P such that 
Qo = Q , a family of F -morphisms 6i:Qi P where i runs over A„_i , such 
that 9i{Qi) normalizes Qi+i , and a family of p' -elements 

Gi G T{di{Qi\Qi+x) 9.4.1 

where i runs over A„_i , stabilizing Oi{Qi) and Qi+i , in such a way that 
the action of ai over Qi defined via 6i coincides with a if i = or with the 
action of ai^i otherwise, and that, setting Ti^ = Ri for any i G A„ and then 
Tjj+i = Oj{Ti^j) for any j < i , we have Qi = Ti^i-CQ-{Ti^i) for any i € A„ . 
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Proof: We argue by induction on n and may assume that n ^ ; thus, we 

assume the existence of a family {Qi}ieA„_i of J^-sclfccntralizing subgroups 
of P such that Qo = Q , a, family of J^-morphisms Oi'.Qi P , where i runs 
over A„_2 , such that Oi{Qi) normalizes Qi+i , and a family of p'-elements 
CTj e T{Oi{Qi)-Qi+i) where i runs over A„,_2 ■ stabilizing 9t{Qi) and Qi+i , 
which fulfill the corresponding conditions above; thus, setting Ti_o = Ri for 
any i G A„_i and then Tij+i = 9j{Tij) for any j < i , the following diagram 
summarizes our situation 



Q 










V 










Q ^ 


'^°Q-Qi Qi 










V ^ 








V 












V 




V 






^1,1 






y " ^ Qn—2'Qn— 






V ^ 










Qn-2 




""^Qn-2''5n-l Qra-1 


V 


V 


V 




V 


Rn-2 — 


Tn-2,1 — ■ ■ 


• T'Ti-2,n 


-2 


<3ti-1 


V 


V 


V 




V 


Rn-1 — 


Tn-1,1 — ■ ■ 


• ^n— l,n 


-2 = 


^n— l,n— 1 



where wc sot Qi = 9i{Qi) and wc have Qi = Ti^i-Cg- {Ti,i) for any i G A„_i . 

Setting Tnfi = Rn , inductively define Tnj+i — 0j{Tnj) for any j < n—1 , 
which makes sense since inductively we get Tnj C Tjj c Qj ; moreover, since 
we have 

Qn-i = Tn-i,n-i-CQn-i{'^n-i,n-i) and T„^„_i < T„_i_„_i 9.4.3, 
the group Qn-i,o = Qn-i contains and normalizes 

Qn,0 = Tn,n-l-CQ^_j^g{Tn,n-l) 9.4.4, 

and, in particular, Qn,o is selfcentralizing in Qn-i,o '■> then, according to 
[5, Corollary 2.21], there is an J^-morphism 9n-ifi : Qn-i,o P such that 
^Ti-i,o(Qn-i,o) and On-ifl{Qn,o) are both fully centralized in , and we set 

Qn,l = &n-lfi{Qnfi)-Ncp{0„-i o(Q„ o)) (^n-l,o(<3n-l,o)) 

9.4.5; 

Qn-\,\ = ^Ti-l,o(<3n-l,o)--^Cp(e„_i,o(Qn,o))(^n-l.o(<3n-l,o)) 

once again, Qn,i is selfcentralizing in Qn-i,i ■ 
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On the other hand, we denote by the image of a in T{Ri) and, for 
any i £ A„_i and any j < i , wc inductively denote by r^j+i the image of 
Ti^j in J^(Tj_j_|_i) via 9j ; from our conditions, it is easily checked that the 
action ct„_2 of fT„_2 over Qn-i stabilizes T„_i,„_i and induces t„_i,„_i over 
this group, so that it stabilizes T„,„_i and then it stabilizes Qn,o ! thus, the 
action of o-„_2 over 0n-i,o{Qn-i,o) defined via 0„_i,o stabilizes ^n-i,o(Qn,o) 
and it follows from [5, statement 2.10] that this action can be extended to an 
.F-morphism Qn-i,i — > P ; but, the image of the group 

-^Cp(e„_i,o(Qn,o)) (^n-i,o(<3n-i,o)) 9.4.6 

clearly normalizes 0„-i,o(<3n-i,o) and centralizes 6n-i,o{Qn,o) ; hence, this 
7^-morphism determines an J-'-automorphism (T„_i^o of Qn-i.i which stabi- 
lizes 0n-i,o{Qn-i,o) and Qn,i j and, since (7„_2 is ap'-element, we may assume 
that an-1,0 is also a p'-element. 

Now, arguing by induction on j £ N , assume that we have two families 
{Qn-i,j'}j'<j and {Qn,j'}j'<j of subgroups of P such that Qn,j' is a normal 
and a selfcentralizing subgroup of Qn-i,j' , a family of .F-morphisms 

0n-l,j' '■ Qn-l,j' > P 9.4.7 

where j' runs over Aj_i , such that 

0n-l,j' {Qn-l,j' ) < Qn-l,j' + l 

Qn-l,j' + l = Sn-l,j' {Qn-lj')-CQ^_^^, ^_^(9nJ' {Qn,j')) 9.4.8, 
Qn,j' + 1 = Sn,j' {Qnj')-CQ^ ^^{9n,j' {Qn,j')) 

and a family of p'-elements (Tn-ij' £ T{Qn-i,j'+i) , where j' runs over Aj_i , 
stabilizing 6n-i,j'{Qn-i,j') and Qnj' , and, if j' 7^ 0, inducing an-ij'-i 
on Qn-i,j' via ^n-i,j' once again, the following diagram summarizes our 
situation 

Vti,0 ■''71,0 '^n,j ^^n,] 

Qn,l ^ • • • Qn,j 

V '^"•^ y V 

1 — > ■■■ Qn,j 9.4.9 

/ V /• 

1 ^ • • • Qn,j 

II II ^ II 

where we are setting n = n— l,j = j — 1 and 

^n,j' = A^^^(.„_,.,,_,Q^ .,_^)(^''-'°g„-i,,--i) 9.4.10. 



Qn 

II 




Qn,0 








n ^ 

vs.o — > 


Qn. 


Qnfi 




V 


V 


Qn,0 ^ 


Qn. 
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As above, by [5, Corollary 2.21], there is an J'-morphism 

9n-l,j : Qn-1,3 — > P 9.4.11 

such that On-ij{Qn-i,i) and On-i,j{Qn,j) are both fully centralized in J^; 
then, we set 

Qn,j+1 = ^n-l,jiQn,j)-Ncp{e„-i,jiQn,j)){^n-l,j{Qn-l,j)) 
Qn-l,j+l = 6n-l,j{Qn-l,j)-Ncp{9^_ij{Q^j))[6n-l,j{Qn-l,j)) 

and it is clear that Qn,j+i is again a normal and a selfcentralizing subgroup 

oiQn-i,j+i ; similarly, if j =/= , the action of (7„_i.j_i over On-ij{Qn-i,j) de- 
fined via 0n-i,j stabilizes On-i,j{Qn,j) and, again from [5, statement 2.10.1], 
this action can be extended to an ^-mor-phism Qn-ij+i — >■ P; but, the 
image of the group 

Ncp{e^_,AQr.,)){On-iAQn-i,j)) 9.4.13 

clearly normalizes 9n-i,j{Qn-i,j) and centralizes On-i,j{Qn,j) hence, this 
.F-morphism determines an ^-automorphism (Jn-i,j of Qn-i,j+i which sta- 
bilizes 0n-i.j{Qn-i.j) and Qn,j+i , and, since On-ij-i is a p'-element, we 
may assume that cr„-i j is also a p'-clcment. 

Finally, if we have Qnj+i = On-i,j{Qn,j) then we still have 

Qn-l,j+l = 0n-l,j{Qn-l,j) „ . , . 

9.4.14 

= ^en-l,j{Qn-l,j)-Cp{e„-i,j{Qn,j)){^n-l,j{Qn-l,j)) 

and therefore 6n-i,j{Qn-i,j) contains Cp[6n-i,j{Qn,j)) ; but, since Qn,j is 
selfcentralizing in Qn-i,j , 0n-i,j{Qn.j) is selfcentralizing in 9n-ij{Qn-i,j) 
and thus On-i,j{Qn,j) contains Cp[9n-i,j{Qn,j)) , so that Qnj+i is J^-self- 
centralizing; in this situation, it suffices to consider Qn = Qn,j+i , to define 

9n-i : Qn-i — > P 9.4.15 

mapping u = Un-i,o G Qn-i on Un-i,j+i where we inductively set 

+ 1 = 6n-l,oiUn-l,j') 9.4.16 

for any j' £ Aj , and to denote by C7„ the restriction of (Tn-ij+i to the 

product On-l{Qn-l)-Qn ■ 

Indeed, since 6n-i{Qn-i) is contained in Qn-ij+i , this group normal- 
izes Qn ; moreover, arguing by induction on j' £ Aj , it is easily checked 
that Un-i,j+i stabilizes On-i{Qn-i) and that the action over Qn-i defined 
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via 9n-i coincides with the action of cr„_i ; similarly, it is clear that for any 
j' G Aj we have 

Qn,j' + 1 = 0n-l,j'{Qn,j')-CQ^.,^^{9n-l,j'{Qn,j')) 9.4.17 

and by induction we get Qn = On-i{Qnfi)-CQ^{On-i{Qn,o) ; thus, setting 
Tn,n = On-i{Tn,n-i) , it foUows from equality 9.4.4 that 

Qn = Tn,n-CQ^{Tn,n) 9.4.18. 

We are done. 
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